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ON . Abstract. Let k be a field of characteristic ^ 2. We give an answer to the field intersection 

\ problem of quartic generic polynomials over k via formal Tschirnhausen transformation and 

■ multi-resolvent polynomials. 

c : 

^ ; 1. Introduction 

^ ■ Let k be a field of char k ^ 2 and k(s) the rational function field over k with n indeter- 

minates s = (si, . . . , s n ). Let G be a finite group. A polynomial f s (X) G fc(s)[X] is called 

f— i ■ fc-generic for G if the Galois group of f s {X) over k(s) is isomorphic to G and every G-Galois 
extension L/M over an arbitrary infinite field M D k can be obtained as L = Sp\ M f a (X), 

^ '. the splitting field of fJX) over M, for some a = (a 1; . . . , a n ) G M" (cf. [DeM83], [KemOl], 
[JLY02]). Note that we always take an infinite field M as a base field M, M D fc, of a 
G-extension L/M. Examples of /c-generic polynomials for G are known for various pairs of 
(k,G) (for example, see [Kem94], [KMOO], [JLY02] , [Rik04]). 

Let / G (Y) G fc(s)[-Y] be a fc-generic polynomial for G. Kemper [KemOl] showed that for 
| a subgroup H of G every if-Galois extension over an infinite field M D k is also given by a 
specialization of f^(X) as in the similar manner. The aim of this paper is to study the field 

Tj- ■ intersection problem Int(/g /M) of / S G (Y) over M: 

Int(/ S G /M) : for a field M D k and a, a' G M n , determine the 
00 \ intersection of Spl M / G (X) and Spl M f^(X). 

It would be desired to give an answer to the problem within the base field M by using 
the data a, a' G M n . As a special case, this problem includes the field isomorphism problem 
Isom(/ s G /M) of / S G (X) over M, i.e., for a, a' G M n whether Spl M / G (Y) and Spl M /^(Y) 
are isomorphic over M or not. Since a fc-generic polynomial covers all ff-Galois extensions 
(H < G) over M D k by specializing parameters, the problem Isom(/ G /M) arises naturally. 
Moreover we consider the following problem: 

Isom°°(/ G /M) : for a given a G M n , are there infinitely many 
a' G M n such that Spl M /f (X) = Spl M f$(X) ? 

Let <S n (resp. A n , V n , C n ) be the symmetric (resp. the alternating, the dihedral, the 
cyclic) group of degree n and V4 the Klein four group (V4 = C2 x C2). In [HM07] and 
[HM] , we gave answers to Int(/ S G /M) and to Isom°°(/ s G /M) for cubic k- generic polynomials 
/f 3 (Y) = X 3 — sX 2 - (s + 3)X - 1 and /f 3 (X) = X 3 + sX + s. In the present paper 
we investigate the problems Int(/ G /M) and Isom°°(/ G /M) for quartic generic polynomials 
/ G (Y) via formal Tschirnhausen transformation and multi-resolvent polynomials. 
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For G = <S 4 , X> 4 , C 4 , V 4 , we take the following /c-generic polynomials 

/0(X) := X 4 + sX 2 + tX + t G fc(s,t)[*], 
/5(X):=X 4 + S X 2 + t ek(s,t)[X], 

#«P0 := X 4 + sX 2 + G *(*,«)[*], 

flt(X) := X 4 + sX 2 + v 2 ek(s,v)[X], 

respectively, with two parameters (the least possible number of parameters; cf. [BR97], 
[JLY02, Chapter 8]). 

In Section 2, we review some known results about resolvent polynomials and formal 
Tschirnhausen transformation. 

In Section 3, we give an answer to Int(/f 4 /M) via multi-resolvent polynomial (Theorem 
3.1). In Subsection 3.1, we give a more explicit answer to Isom(/,f 4 /M) by using formal 
Tschirnhausen transformation in Theorem 3.3. A proof of Theorem 3.3 will be given in 
Subsection 3.2. A consequence of Theorem 3.3 is the following theorem: 

Theorem (Corollary 3.5, an answer to Isom°°(/f 4 /M)). Let M D k be an infinite field. 
For a = (a, b) G M 2 , we assume that ff 4 (X) is separable over M. Then there exist infinitely 
many a' = (a', b') G M 2 such that Spl M /f 4 (X) = Spl M /f, 4 (X). 

In Section 4, we treat the problems Int(/f 4 /M), Isom(/f 4 /M ) and Isom°°(/f 4 /M). In 
the case of V 4 , Isom°°(/J ,4 /M) has a trivial solution because Sp\ M f^(X) = Spl M /^| bc 4(A) 
for arbitrary c G M\{0}. Thus we consider the problem Isom°° (f® 4 / M) for a = (a, b) and 
a' = (a', b') under the condition a 2 b' — a' 2 b ^ or b' /b ^ c 4 for any c G M. 

Theorem (Theorem 4.16). Let M D k be a Hilbertian field. For & = (a,b) G M 2 , we assume 
that f^ i (X) is separable over M. Then there exist infinitely many a' = (a',b') G M 2 which 
satisfy that b' jb is not a fourth power in M and Spl M /:P 4 (X) = Spl M /^ 4 (X). 

In Section 5, we deal with the cases of C 4 and of V 4 which are treated by suitably special- 
izing the case of P 4 . We also treat reducible cases in Section 6. 

Most of results in the present paper are given with explicit formulas which are intended 
to be applied elsewhere, and we also give some numerical examples by using our explicit 
formulas. The calculations of this paper were carried out with Mathematica [Wol03] . 

2. Preliminaries 
In this section we review some basic facts, and a result of [HM] . 

2.1. Resolvent polynomial. 

One of the fundamental tools in the computational aspects of Galois theory is the resolvent 
polynomials (cf. the text books [Coh93], [AdeOl]). Several kinds of methods to compute 
a resolvent polynomial have been developed by many mathematicians (see, for example, 
[Sta73], [Gir83], [SM85], [Yok97], [MM97], [AVOO], [GKOO] and the references therein). 

Let M D k be an infinite field and M a fixed algebraic closure of M. Let f(X) := 
Iir=i(^ — a i) e M[X\ be a separable polynomial of degree m with fixed ordering roots 
ai,..., a m G M. The information of the splitting field Spl M /(X) of f(X) over M and their 
Galois group is obtained by using resolvent polynomials. 
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Let fc[x] := k[xi, . . . ,x m ] be the polynomial ring over k with indeterminates x±, . . . ,x m . 
Put R := fc[x, 1/A X ], where A x := Yli<i<j< m ( x j ~~ We take a surjective evaluation 
homomorphism 

u f : -R — > . . . , a m ), 0(xi, . . . , x m ) i — > 0(ai, . . . , a m ) 

for G -R. We note that u;/(A x ) 7^ from the assumption that /(X) is separable over M. 
The kernel of the map Uf is the ideal 

If = ker(u f ) = {6(xi, . . . , x m ) G R | 0(«i, . . . , a m ) = 0}. 

For n G S m , we extend the action of n on m letters {1, . . . , m} to i? by 

7r(0(xi, . . . , x m )) := 0(^(1), . . . , a; f ( m )). 

We define the Galois group of a polynomial /(X) G M[X] over M by 

Gal(//M) := {tt G S m \ ir(I f ) C /,}. 

We write Gal(/) := Gal(//M) for simplicity. The Galois group of the splitting field 
Spl M f(X) of a polynomial /(X) over M is isomorphic to Gal(/). If we take another ordering 
of roots a n (i), . . . , a n ( m ) of f{X) with some 7r G <S m , the corresponding realization of Gal(/) 
is the conjugate of the original one given by tt in S m . Hence, for arbitrary ordering of the 
roots of f(X), Gal(/) is determined up to conjugation in S m . 

Definition. For H < G < S m , an element G R is called a G-primitive if-invariant if 
H = Stabc(0) := {n e G \ 7r(0) = 0}. For a G-primitive if-invariant 0, the polynomial 

1lVe, G (X):= H (X-n(e))ER G [X] 
weG/H 

is called the formal G-relative if -invariant resolvent by 0, and a polynomial 

KV e ,G,f(X) := J] (X - u f (ir(Q))) 
weG/H 

is called the G-relative if -invariant resolvent of / by 0. 

The following is fundamental in the theory of resolvent polynomials (cf. [AdeOl, p. 95]). 

Theorem 2.1. For H < G < S m , let be a G-primitive H -invariant. Assume that 
Gal(/) < G. Suppose that TZVe,G,f{X) is decomposed into a product of powers of distinct 
irreducible polynomials as TZVe,Gj(X) = n!=i ^(X) in M[X]. Then we have a bisection 

Ga\(f)\G/H — > {h?(X),...,h?(X)}, 

Ga \(f)nH ^ K(X)= J] (X-u f (T(e))) 

rHCGa\(f)nH 

where the product is taken over the left cosets tH of H in G contained in Gal(f)nH, 
that is, over r = ix a ix where ix a runs through a system of representatives of the left cosets 
of Gal(/) H t\Htx~ x in Gal(/), and each h w (X) is irreducible or a power of an irreducible 
polynomial with deg(K(X)) = |Gal(/) ttH\/\H\ = |Gal(/)|/|Gal(/) n nHn- 1 ]. 

Corollary 2.2. If Ga\(f) < nHix^ 1 for some tt G G then lZVe,G,f(X) has a linear factor 
over M. Conversely, if IZVe,Gj(X) has a non-repeated linear factor over M then there 
exists 7T G G such that Gal(/) < ixHix^ 1 . 
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Remark 2.3. When the resolvent polynomial 1ZVe t G,f(X) has a repeated factor, there 
always exists a suitable Tschirnhausen transformation / of / over M (resp. X — of X — 
over k) such that lZV eG f(X) (resp. 1ZVq G f(X)) has no repeated factors (cf. [Gir83], 
[Coh93, Alg. 6.3.4], [Col95]). 

In the case where lZVe,G,f(X) has no repeated factors, we have the following theorem: 

Theorem 2.4. For H < G < S m , let be a G-primitive H-invariant. We assume 
Gal(/) < G and lZVe,G,f(X) has no repeated factors. Then the following two assertions 
hold: 

(i) For 7r G G, the fixed group of the field M(o>/(7r(0))) corresponds to Gal(/) fl ttHtt -1 . 
Indeed the fixed group of Spl M lZVo,G,f(X) corresponds to Gal(/) fl f] 7TeG 7iH7i~ 1 ; 

(ii) let ip : G — > S\g-.h] denote the permutation representation of G on the left cosets of 
G/H given by the left multiplication. Then we have a realization of the Galois group of 
3pl M KVe,G,f(X) as a subgroup of S [G: h] by <p(Gal(/)). 

2.2. Formal Tschirnhausen transformation. 

We recall the geometric interpretation of a Tschirnhausen transformation which is given 
in [HM]. Let f(X) and g(X) be monic separable polynomials of degree n in M[X] and 
«i, ■ ■ ■ ,a n the fixed ordering roots of f(X) in M. A Tschirnhausen transformation of f(X) 
over M is a polynomial of the form 

n 

g(X) = Y[(X - (c + citti + • • • + Cn-ia^" 1 )), Cj- G M. 
i=i 

Two polynomials /(-X") and in M[X] are Tschirnhausen equivalent over M if they 

are Tschirnhausen transformations over M of each other. For two irreducible separable 
polynomials f{X) and g(X) in M[X], f(X) and g(X) are Tschirnhausen equivalent over M 
if and only if the quotient fields M[X]/(f(X)) and M[X]/(g(X)) are isomorphic over M. 

In order to obtain an answer to the field intersection problem of /c-generic polynomials via 
multi-resolvent polynomials, we first treat a general polynomial whose roots are n indeter- 
minates x±, . . . , x n : 

n 

fs(X) = ]J(X - Xi ) = X n - s l X n - 1 + s 2 X n - 2 + ■■■ + (-l) n s n G k[s][X] 

i=l 

where k[x±, . . . , x n ] Sn = k[s] := k[s±, . . . , s n ], s = (s 1 , . . . , s n ), and is the i-th elementary 
symmetric function in n variables x = (xi, . . . , x n ). 

Let i? x := . . . , x n ] and i? y := k[y±, . . . , y n ] be polynomial rings over k. Put i? Xiy := 

fc[x,y,l/A x ,l/A y ], where A x := Ui<i<j<mi. x j ~ x i) and A y := Yli<i<j<rrXV3 ~ Vi)- We 
define an involution i which exchanges the indeterminates x^s and the y^s: 

(2.1) l : i? Xi y — s- i? X)y , i — >yi,yi< — >x i? (i = l,...,n). 

We take another general polynomial ft(X) := i(f s (X)) G /c[t][X],t = (t 1; ...,£„) with roots 
yi, ■ ■ ■ ,y n where tj = t(sj) is the i-th elementary symmetric function in y = (y 1 , . . . , y n ). We 
put 

K := fc(s,t); 

it is regarded as the rational function field over A; with 2n variables. For simplicity, we put 

/ M P0 :=f m (X)f t (X). 
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The polynomial f s ,t(X) of degree 2n is defined over K. We denote 

C7 S := Gal(/ S /X), G t := Gal(/ t /X), G B>t := Gal(/ S , t /*T). 

Then we have G 8)t = G s x C7 t , G s = C7 t ^ S n and fc(x, y) Gs '* = X. 

We intend to apply the results of the previous subsection for m = 2n, G = G s> t < S211 and 
/ — /s,t- 

Note that over the field Sp\ K f S:t (X) = fc(x, y), there exist n\ Tschirnhausen transforma- 
tions from f s (X) to ft(X) with respect to y n (i), . . . ,Un(n) for ir G <S n . We study the field of 
definition of each Tschirnhausen transformation from f a (X) to ft(X). Let 



D :-- 



( 1 X\ x\ 
1 X2 x\ 



„n-l 



X 



Jl-1 



X 



n-1 



\ 



\ 1 X n 

be the Vandermonde matrix of size n. The matrix D G M n (/c(x)) is invertible because the 
determinant of £) equals det-D = A x . The field fc(s)(A x ) is a quadratic extension of k(s) 
which corresponds to the fixed field of the alternating group of degree n. We define the 
n-tuple (uo(x, y), • • • , Un-i(x, y)) G (-R x , y ) n by 



(2.2) 



«o(x,yj 
«i(x,y) 



D~ 



\ w n _i(x,y) / 
It follows from Cramer's rule that 

I I X! • • • 

1 X 2 • • • 

Mi(x,y) = A x • det 

\ 1 

In order to simplify the presentation, we write 



f ! 

x 2 



\Vn J 



yi x\ +l 

V2 4 +1 



xr| \ 

x 2 



X, 



i-1 



Z/n a: 



i+i 



x 



n-l 



«»(x,y), (i = 0, . 



n 



1^ 



The Galois group L7 s t acts on the orbit {7r(tij) \ 71 G G s ,t} y i a regular representation from 
the left. However this action is not faithful. We put 

H S}t ■= {(vr x , 7r y ) G C7 s>t I 7r x (i) = 7T y (i) for i = 1, . . . , n} = S n . 

If 7r G H s t then we have n(ui) — Ui for i — 0, . . . , n — 1. Indeed we see the following lemma: 

Lemma 2.5. Fori, < i < n — 1, Ui is a G St t-primitive H s ^-invariant. 

Let 6 := 0(x, y) be a G st -primitive if st -invariant. Let 7f = 7ri7 s t be a left coset of H s t 
in C7 Sjt . The group G s ,t acts on the set {vr(O) | n G G s ,t/-^s,t} transitively from the left 
through the action on the set G S! t/H Stt of left cosets. Each of the sets {(l,7r y ) | (1,%) G 
G Sjt } and {(7r x , 1) | (jr x , 1) G G Sjt } forms a complete residue system of G Stt /H s t , and hence 
the subgroups G s and G t of G s ,t act on the set {vr(O) | W G G S! t/H s t } transitively. For 
7f = (1, 7r y ) G G Stt /H S;t , we obtain the following equality from the definition (2.2): 

Uwyii) = ^(110) + -K y (ui)Xi H h 7r y (M n _i)x™ _1 for i = 1, . . . , n. 

The set {(ir(uo), . . . , n(u n ^i)) \ W G G s ^/H s ,t} gives coefficients of n\ different Tschirnhausen 
transformations from f s (X) to ft(X) each of which is defined over K(tt(u ), . . . , 7r(w n _i)), 
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respectively. We call K(tc(u ), . . . , 7r(w n _i)), (W G G Sj t/H Sjt ) a field of formal Tschirnhausen 
coefficients from f a (X) to ft(X). We put t>j := for i = 0, . . . , n — 1. Then Vi is also a 

G Si t-primitive i7 Sit -invariant, and i^(7r(fo), . . . , 7r(i> n -i)) gives a field of formal Tschirnhausen 
coefficients from /t(-X") to f s (X). 

Proposition 2.6. Let be a G s ^-primitive H S)t -invariant. Then we have fc(x, y) nHs < t7T 1 = 
K(ir(u ), 7rK_i)) = #(7r(ej) and [X(7r(9)) : X] = n! /or eac/i W G G a , t /H att . 

Hence, for each of the n\ fields K(ir(Q)), we have Spl X ( 7r( - e - ) )/ s (X) = Sp\ K ^ e ^f t (X), (W G 
G Sj t/H Sjt ). We also obtain the following proposition: 

Proposition 2.7. Let Q be a G ^-primitive H Stt -invariant. Then we have 

(i) K(x)nK(n(Q)) = K(y)nK(7r(Q)) = K for TeG s , t /H s , t ; 

(ii) X(x,y) = X(x,7r(e)) = X(y,7r(e)) /or W G G a>t /H a>t ; 

(iii) tf(x,y) = K(tt(0) I 7f G G s , t /H Sit ). 

We consider the formal G Sj t-relative i7 S)t -invariant resolvent polynomial of degree n\ by 0: 

7feG a ,t/H Sit 

It follows from Proposition 2.6 that 1ZVq 7 g s t (^0 i s irreducible over fc(s, t). From Proposition 
2.7 we have one of the basic results: 

Theorem 2.8. The polynomial lZVe,G s , t (X) is k-generic for S n x <S n . 

2.3. Field intersection problem Int(/ S /M). 

For a = (ai, . . . , a n ), b = (pi, . . . , b n ) G M n , we fix the order of roots a±, . . . ,a n (resp. 
Pi, ...,&) of / a (X) (resp. / b (X)) in M. Put / a , b (X) := U(X)f h (X) G M[X]. We denote 

L a := M (ai, ...,«„), L b := M((3 U ...,(3 n ). 

Then we have 

L a = Spl M / a (X), L b = Spl M / b (X), L a L b = Spl M / a , b (X). 
We define a specialization homomorphism cj/ ab by 

w / a ,b : ^x, y — > M(«i, ...,a n ,p 1 ,...,p n ) = L a L h , 

Q!l, ... , O^n; 

We put 

^a:=^ a , b (A^), Db^^JAj). 

We always assume that both of the polynomials f a (X) and fh(X) are separable over M, i.e. 
D a ■ D h ^ 0. We also put 

G a := Gal(/ a /M), G h := Gal(/ b /M), G a , b := Gal(/ a , b /M). 

Then we may naturally regard G &i b as a subgroup of G Sit - For W G G Stt /H s ,t, we put 

(2.3) Q i7r :=w/ aib (7r(iii)), d i;7r := ^/ a , b (7r(i«))), (i = 0, . . . ,n - 1). 
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Then it follows from the definition (2.2) of that 

Ar y (i) = Co j7 r + Cl < n a ^( i ) + 1~ C n-Li- a "J)i 

a 7Tx(i) — ^0,7T + ^1,7T Ar y (i) + 1" ^Tl- 1 ,7T (;) 

for each i = 1, . . . , n. 

For each ¥ G G Sjt /H st , there exists a Tschirnhausen transformation from f a (X) to fb(X) 
over the field M(co )7r , . . . , c n _i jVr ), and the n-tuple (do, n , ■ ■ ■ , dn-i,v) gives the coefficients of 
a transformation of the inverse direction. From the assumption D a ■ D h ^ 0, we see the 
following elementary lemmas (see, for example, [HM, Lemma 3.1]): 

Lemma 2.9. Let M'/M be a field extension. For a, b G M n with D a ■ D b ^ 0, if / b (I) 
is a Tschirnhausen transformation of f a (X) over M' , then f a (X) is a Tschirnhausen trans- 
formation of fb(X) over M' . Indeed we have M(co i7r , . . . , c n _i i7r ) = M(do tn , . . . , d n -\^) for 
every W G G S:t /H Sjt . 

Lemma 2.10. For a, b G M n with D a ■ D h ^ 0, the quotient algebras M[X]/(f a (X)) 
and M[X]/(f b (X)) are M -isomorphic if and only if there exists n G C7 s ,t such that M = 
M(c 0i7T , ■ ■ ■ ,c„_i )7r ). 

In order to obtain an answer to Int(/ S /M) we study the n\ fields M(c 0i7r , . . . , c n _i i7r ) of 
Tschirnhausen coefficients from f a (X) to fb{X) over M. 

Proposition 2.11 ([HM, Proposition 3.2]). Under the assumption, D a ■ D h ^ 0, we have 
the following two assertions : 

(i) Spl M(cOiTi ... )Cn _ lji0 /ap0 = Spl M(c0 7r! ... )Cn _ 1 ^ ) / b (X) for each W G G s , t /H s , t ; 

(ii) L a L h = L a M(c 0j7r , . . . , c n _i )7r ) = L h M(c 0)7r , . . . , c n _i )7r ) for each W G G S;t / H S)t . 

Let 6 be a L7 S)t -primitive if Sit -invariant. Applying the specialization cu/ ab , we have a 
G Si t-relative i7 s t -invariant resolvent polynomial of / &i b by 0: 

KVe, Gs „u, h {X) = J] (X - w /Bib (7r(e))) G M[X]. 

A polynomial of this kind is called (absolute) multi- resolvent (cf. [GLV88], [RV99], [Val]). 

Proposition 2.12 ([HM, Proposition 3.7]). Let 6 be a G s ^-primitive H Syt -invariant. For 
a, b G M n with D a • D h ^ 0, suppose that the resolvent polynomial ^e,G s ,t,/ab(^) has no 
repeated factors. Then the following two assertions hold: 

(i) M(c 0)7r , . . . , c n _i )7r ) = M(w/ ab (7r(9))) /or each if e G Sjt /H S;t ; 

(ii) Spl M / a , b (X) = M(^ /ab (7r(0)) | Tf G G M /ff M ). 

We also get the followings (see, for example, [HM, Proposition 3.12, Corollary 3.13]): 

Proposition 2.13. For a, b G M n with D a - D h ^ 0, if \jD a ■ D h G M then the polynomial 
G s ,t,/ a ,b s vtits into two factors of degree n\/2 over M which are not necessary irreducible. 

Corollary 2.14. For a, b G M n with D a - D h ^ 0, if G a , G h C A n then KVe,G Stt ,U, b s P lits 
into two factors of degree n\/2 which are not necessary irreducible. 

Definition. For a separable polynomial f{X) G k[X] of degree d, the decomposition type of 
f(X) over M, denoted by DT(//M), is defined as the partition of d induced by the degrees of 
the irreducible factors of f(X) over M. We define the decomposition type DT(lZVe,G,f/M) 
of TZVe,Gj(X) over M by DT(TZVq G j/M) where f{X) is a Tschirnhausen transformation 
of f(X) over M which satisfies that TZV @ G AX) has no repeated factors (cf. Remark 2.3). 
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We write DT(/) := DT(//M) for simplicity. From Theorem 2.1, the decomposition type 
DT(7?/Pe iGst j ab ) coincides with the partition of n\ induced by the lengths of the orbits of 
G S; t/H st under the action of Gal(/ ab ). Hence, by Proposition 2.12, DT(?l7 , e,G s ,t,/ a b) gives 
the degrees of n\ fields of Tschirnhausen coefficients M(co j7r , . . . , c n _i i7r ) from f a (X) to fb(X) 
over M; the degree of M(c 0j7r , . . . , c n _i j7r ) over M is equal to |Gal(/ a jtJ|/|Gal(/ a) b)n7rif S) t7r _1 |. 

We conclude that the decomposition type of the resolvent polynomial ^e,G s , t ,/ ab (^) over 
M gives us information about the field intersection problem for f s (X) through the degrees 
of the fields of Tschirnhausen coefficients M(c 0i7r , . . . , c n _i j7r ) over M which is determined by 
the degeneration of the Galois group Gal(/ a ,b) under the specialization (s,t) h- > (a, b). 

Theorem 2.15 ([HM, Theorem 3.8]). Let be a G Stt -primitive H s ^-invariant. For a, b G 
M n with D a ■ Dy, 7^ 0, the following conditions are equivalent: 

(i) The quotient algebras M[X]/(f a (X)) and M[X]/(f h (X)) are M -isomorphic; 

(ii) The decomposition type DT(7lPe iGs t j ab ) over M includes 1. 

In the case where G a and G b are isomorphic to a transitive subgroup G of S n and every 
subgroups of G with index n are conjugate in G, the condition that the quotient algebras 
M[X]/(f a (X)) and M[X]/(f b (X)) are M-isomorphic is equivalent to the condition that 
Spl M / a (X) and Spl M fy,(X) coincide. Hence we obtain an answer to the field isomorphism 
problem via the resolvent polynomial We,G s , t ,/ab(^0- 

Corollary 2.16 (An answer to Isom(/ 8 G /M)). For a, b G M n with D a -D h ^ 0, we assume 
that both of f a (X) and fb(X) are irreducible over M, that G a and Gy, are isomorphic to 
G and that all subgroups of G with index n are conjugate in G. Then DT{TZVe,G st ,f a b) 
includes 1 if and only if Spl M f a (X) and Spl M fb(X) coincide. 

For subgroups Hi and H 2 of S n , we obtain a A;-generic polynomial for H 1 x H 2 as a 
generalization of Theorem 2.8. 

Theorem 2.17 ([HM, Theorem 3.10]). Let M = k(q u ...,q l ,r 1 ,.. .,r m ), (1 < I, m < ra-1) 
be the rational function field over k with (I + m) variables. For a e • • • , qi) n , b G 
k(ri, . . . ,r m ) n , we assume that f a (X) G M[X] and fh{X) G M[X] be k-generic polynomials 
for Hi and H 2 , respectively. If T^Pe^stJabPO ^ M[X] has no repeated factors, then 
T^e.Gs.tJabPO i- s a k-generic polynomial for Hi x H 2 which is not necessary irreducible. 

3. The cases of <S 4 and of At 

Let M be an overfield of k of characteristic ^ 2. We take a £>generic polynomial 

fff(X) = X 4 + sX 2 + tX + t G k(s, t) [X] 

for 1S4. The discriminant of f s j(X) with respect to X is given by 

D Stt := t(16s 4 - 128s 2 t - AsH + 256t 2 + 144st 2 - 27t 3 ). 

For a = (a, 6) G M, we always assume that f a 4 (X) is separable over M, i.e. D a 7^ 0. 
From the definition, for a general quartic polynomial 

g 4 (X) = X 4 + ai X 3 + a 2 X 2 + a 3 X + a 4 G fc[A"], (a l5 a 2 , a 3 , a 4 G M), 

there exist a, 6 G M such that Spl M /f^(X) = Sp\ M g4(X). Indeed we may take such a, b G M 
as follows: The polynomials g 4 (X) and 

h 4 (X) := g A {X - ail 'A) = X 4 + A 2 X 2 + A 3 X + A 4 
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have the same splitting field over M, where 

— 3a 2 + 8a 2 a 3 — Aa\a 2 + 8a 3 — 3a 4 + 16a 2 a 2 — 64aia 3 + 256a 4 

= , A-i = , Aa = . 

8 8 ' 256 

If we put 

a: =^^ and 6:= 43 

then the polynomials h 4 (X) and 

Ms\ 4 , (M 



have the same splitting field over M. Hence we see Spl M f a l(X) = Sp\ M g 4 (X). 
Let <S 4 act on k(xi, x 2 , x 3 , x 4 ) by n(xi) = x w ^, (n G <S 4 ). We put 

a := (1234), Pl := (123), p 2 := (234), := (12) G <S 4 . 

For the field fc(x, y) := . . . , x 4 , yi, . . . , y 4 ), we take the interchanging involution 

t : fc(x,y) — ► fc(x,y), x< i — ► jfc, i — ► a;*, (i = 1, . . . ,4) 

as in (2.1). Put (a 1 , p[, p' 2 , uj') := (r l cn, t~ 1 p\L, i~ x p 2 i, l~ 1 ujl) then a', p[, p 2 , u>' G Autfc(fc(y)). 
For simplicity we write 

S 4 = (a,u), S 4 = (a',u'), S'l = (aa',uu'), 

A 4 = (pi , pz) , A' 4 = (pi , pa) , ^4 = (PiPi , P2P2) • 

Note that <S 4 (= <S 4 ) and A 4 (= A) are subgroups of S 4 x <S 4 . 
We take an <S 4 x ^-primitive <S 4 -invariant 

P := xiyi + x 2 y 2 + rr 3 i/3 + x 4 y 4 

and we put /J,(X) := f^(X)ff, 4 (X) where (s, s') = {s,t,s',t'). Then we get an S 4 x <S 4 - 
relative <S 4 -invariant resolvent polynomial of ff*, (X) by P as follows: 

(3.1) n s ,Ax) := nv p ^ tJ s. = (^ s ,(x)) 2 - d s a,(g 2 s ,(x)) 2 g k(s,s')[x\ 

where 

Gj 8 ,(X) = X 12 - 8ss'X 10 - 24tt'X 9 + (llsV 2 + Ats' 2 + 4sY - 80tt')X 8 

+ 128stsYX 7 + c 6 X 6 - 64to(3sV + 4tw 2 + As 2 v - lQtv)X 5 + ^J = o Ci X\ 
G 2 S ,(X) = - 5X 6 + 12ss'X 4 + 8tt'X 3 + (-9s 2 s' 2 + 20ts' 2 + 20sY - mt')X 2 

- 32sts't'X + 2sV 3 - 8sts /3 + 9t 2 s' 3 - 8sVt' + 32sts't' 

- 4t 2 sY + 9sY 2 - Astt' 2 - (t 2 t' 2 /2) 
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and c 6 , c 4 , c 3 , . . . , c G k(s, s') are given by 



c 6 = - 2[8sts' 3 + 13tV 3 - 84tVf'] - 28sV 3 + 576sts't' + 57t 2 t' 2 , 
c 4 = 8 [3s 2 ts' 4 - Ut 2 s' 4 + 6st 2 s' 4 + 304iW - Ast 2 s' 2 t' - 208st 2 t' 2 ] 

+ 17s 4 s' 4 - 1216sHs' 2 t' - 3840t 2 t' 2 - 380stVt' 2 , 
c 3 = - 8tt'(-2[40sts' 3 + 9tV 3 + 60t 2 s't'] - 12s 3 s' 3 + 832sts't' + 37t¥ 2 ), 
c 2 = - 2 [l6s 3 ts ,s - 96stV 5 + 9s 2 tV 5 + 108tV 5 + 1280st 2 s' 3 t' 

+ 168sWV - 288fW - 1328sWt' 2 + \A72t 3 s't' 2 - 270fW 2 ] 

- 4sV 5 + 768s 3 ts"Y + 7168st 2 sY 2 + Uls 2 t 2 s' 2 t' 2 + 1616tY 3 , 
Cl = 8tt / (-8[3s 2 ts' 4 + 18tV 4 + 48* W + 36stV V - 16stY 2 ] 

- sV 4 + 704s 2 ts'Y - 256tY 2 + 84stVt' 2 ), 

c = [l6s V 6 - 128sW 6 - 4s 3 t 2 s' e + 256tV 6 + 144stV 6 - 27tV 6 

+ 1280sWV + 176s 3 tW - 2048tW - 1728sfW + 540tW 

- 704sWV 2 + 4096fW 2 + 4864st W 2 - 720* W 2 + 256fW 2 
+ 1008stW 2 - 270tW 2 - 1024st¥ 3 + Q4t 4 t' 3 - 72t 4 s't' 3 ] 

- 256sHs ,4 t' - 4096s 2 t W 2 - 76sH 2 s ,3 t' 2 - 704st 3 sY 3 - (27tV 4 /2) 

with simplifying notation [a] := a + i(a). It follows from the definition of i that i(s, t, s', t') = 
(s',t',s,t). 

Note that the polynomial 1Z SjS '(X) splits into two factors of degree 12 over the field 
k(s,s')(y/D^Dj) as 

K s , s ,(x) = (gIax) + y f D^' gIax)) (gIax) - V^Dl' gIax)), 

and one of the two factors of TZ StS '(X) above is the A 4 x ^-relative ^'-invariant resolvent 
polynomial KV^^ (X) of f*(X) by P. 

For a = (a, b), a' = (d\ b') e M 2 with D a ■ D a , ^ 0, we put 

L a :=Sp\ M f^(X), G a := Gal(/*/M), G a , a , := Gal(/J a ,/M). 

By Theorem 2.1, we get an answer to Int(/,f 4 /M) via 7Z S)S r(X). Here we treat only the 
case where both f^ 4 (X) and f a , 4 (X) are irreducible over M and G a = S 4 or A 4 . We will 
treat the case where G a < T> 4 (resp. f a 4 (X) is reducible) in Section 4 (Table 3 and Table 4 
in Theorem 4.9) (resp. Section 6 (Table 5 and Table 6 in Theorem 6.1)). 

An answer to Int(/f 4 /M) is given as follows: 

Theorem 3.1. For a = (a, b), a' = (a', V) G M 2 with D a ■ D a i 7^ 0, assume that both of 
f£*(X) and f a , 4 (X) are irreducible over M, #G a > #G a , and G a = S 4 or A 4 . If G a = S 4 
(resp. G a = A 4 ) then an answer to the intersection problem of f s 4 (X) is given by Table 1 
according to the decomposition types DT(7£ aa /). 
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Table 1 



G a 


Lx a ' 




HAP TD 

VJAl I.!** 


^a^' 




\J A. \ /v a ,a' ) 


Si 


Si 


(T 1 1 


\ t \7(\ Rfi^l 

IJ/U, OUOOJ 


O4 A 04 


Lj a 1 1 i^a — 


94 




rose i r)9fil 


f 4 a y 4 * 1 VI Cn 

\S±i A ^14 j A L*2 


\T n T, , ■ M] — 9 


19 19 




rq« 9971 


^ Vi A K4^/ A »_>3 


li^a ' ' -^a • J — 


19 8 4 


I'T 41 


T94 1 91 
|Z4, 1ZJ 


Sa 
O4 




8 C C Q 1 

0, u, u, 0, 1 


Ai 


I'T ^1 

(1-0 j 


T9S8 1 D94l 


V 4 A 

04 A /I4 


T n T 1 — M 
Lj a 1 1 i^a — lvl 


94 


Vi 




I4Q9 14791 


v T)a 
04 A 1-^4 


i-/a 1 1 i^a — 


94 


(L-l ) 


rq« i «7l 
i yUj io ( i 


( A a -y P a \ vi To 

\S\i A O4 /I A L*2 


rr n r, 1 • Ml - 9 


94 


n r\ 


rq« iqc;l 
iyUj ic/(jj 


\,*^4 A K4^/ A L*2 


rr n r, / • m] — 9 

l-L/a ' ' -^a • J — ^ 


94 


n q\ 


Tqfi iq^l 


\S\4: A K4J AI L-2 


rr n T , ■ M] — 9 


19 19 


Ci 


ml 

11 1U J 


Tq« i srI 


Sa v f„ 

04 A L*4 






ii-nj 


Me Qfil 


*H4 AI U4 


rr n r / • m] — 9 


19 19 


Vi 


n 1 91 


Tqfi 99fil 


O4 A Vi 


^a 7^ ^a' 


9zL 


I'T 1 Si 


TzLS 481 


Sa V Cn 

l_>4 A L-2 


rr n r, , ■ m] — 9 


94 


M 


Ai 


fT-141 

I 1 11 1 


[1 44. 1S41 


J, y A a 


i_/a 1 1 i^a — 


19 19 


(1-15) 


[48, 50] 


(Vi x V 4 ) x C 3 


[L a n L a ' : M] = 3 


12,4,4,4 


(1-16) 


[12,3] 


Ai 


L a = 


6,6,4,4,3,1 


V A 


(1-17) 


[96, 197] 


Ai x £> 4 


L a n L a ' = M 


24 


Ci 


(1-18) 


[48,31] 


x Ci 


L a n L a ' = M 


24 


Vi 


(1-19) 


[48, 49] 


Ai x V 4 


L a n L a ' = M 


12,12 



We checked the decomposition types by using the computer algebra system GAP [GAP] 
(with the command DoubleCosetRepsAndSizes). We note that the cases {(1-6), (1-7), (1-8)} 
and {(1-12), (1-13)} may be distinguished by comparing the quadratic extensions of M in the 
splitting fields. In the case where G a = Si, the unique quadratic extension of M is given by 

M(v/fe(16a 4 - 128a 2 6 - 4a 3 6 + 2566 2 + lUab 2 - 27b 3 )) 

(see Section 4 for the case of G a > = £> 4 ). 

Example 3.2. We give some numerical examples of Theorem 3.1. 

(i) Take M = Q and a = (0, 1), a' = (2, 1). Then 

/f 4 P0 =X 4 + X + 1 and /f, 4 (X) =X 4 + 2X 3 + X + 1. 
We see that G a = G a i = Si and 7£ a ,a'(A) splits over Q as 

fta,a'P0 = (X - 3)(X + 1) 3 (X 6 - 6X 5 + 12X 4 - 8X 3 - 64X 2 + 128X - 64) 

• (X 6 + 6X 5 + 24X 4 + 56X 3 + 32X 2 - 32X - 256) 

• (X 8 + 6X 6 - 16X 5 - 89X 4 - 48X 3 + 686X 2 - 1048X + 4233). 

Hence it follows from Theorem 3.1 that Spl M /f 4 (X) = Spl M /f, 4 (X). 

(ii) Take M = Q and 

a =(0,6), a' = (a / ,6 / ) = (2&,6 2 ) with b = %-. 
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Then we see that G a = G a > = A4 and H a , a >(X) splits over Q as 

o7 ol4 o21 o24 o31 o36 

X ~J X + ^ X ~^ X ~^ X + ~W X ~3^ 

f v% 2 7 v5 2 15 ^ 4 2 21 -7 ~ 2 24 -29 2 2 31 • 13 v 2 36 • 19 

• I X H X 5 + — X 4 H ^X 3 H = — X 2 H — X H — - 

V 3 3 3 3 6 3 7 3 9 3 12 

By Theorem 3.1, we get Spl M /f 4 (X) = Sp\ M f^(X). 

3.1. Isomorphism problem of /f 4 (X) = X 4 + sX 2 +tX + t. 

Now we consider the problems Isom(/,f 4 /M) and lsom°°(ff 4 /M). By Theorem 3.1, 
we have a criterion to the field isomorphism problem Isom(/^ 4 /M) for fixed a, a' G M 2 . 
However we may not know when TZ a ^(X) has a linear factor over M. In particular, we may 
not answer to Isom°°(/f 4 /M), i.e., for a fixed a G M 2 whether there exist infinitely many 
a' G M 2 such that Spl M /f 4 (X) = Spl M /f, 4 (X) or not. 

In [HMO 7], [HM] we gave an answer to Isom°°(/f 3 /M), Isom°°(/f 3 /M) by using formal 
Tschirnhausen transformation (cf. Section 2). We use the same technique to Isom°°(/f 4 /M). 
Here we explain an outline of the proof and we will give the proof in the next subsection. 

For a = (a, b), a' = (a', b') G M 2 with a^a' and D a ■ D a > 7^ 0, we take c ii7r = ^/ ab (7r(tij)), 
(i — 0, . . . , 3), and the field of coefficients M(c 0j7r , . . . , c 3jVr ) of Tschirnhausen transformations 
from /f 4 (X) to f a 4 (X) as in Subsection 2.2. Then we have 

(3.2) f^(X) = Resultanty(/ a 54 (F),X - (c 0i7r + c^Y + c 2 , w Y 2 + c^Y 3 )). 

By Lemma 2.10, the splitting field of /f 4 (X) and of f a 4 (X) over M coincide if and only if 
M = M(c 0i7r , • • • , c 3i7r ) for some tt G £4 unless Gal(/f 4 /M) = V 4 . Thus we take such ir G S4, 
and put 

(x,y,z,w) := (c 0)7r ,...,c 3i7r ). 

From the assumption a 7^ a', we see (z, iy) 7^ (0, 0). Hence we should consider the two cases 
(i) w — and z^0, (ii) w ^ 0. In the case of (i) (resp. of (ii)), we put 

2y ( Ay 2z 

p : = — , resp. u := — , v :— — 

z V ww 

Then by the equality (3.2) we get the following result: 

Theorem 3.3. For a = (a, b), a' = (a', b') G M 2 with a 7^ a' and £> a • D a , ^ 0, two 

M -algebras M[X]/(/f 4 (X)) and M[X]/(/;f 4 (X)) are M -isomorphic if and only if either (i) 
taere exists p G M such that 

(3.3) a ' = £^k } // ( 



i? 2 i? 3 

where P S;P , Q S;P , R StP G M[s,p] with s = (s, £) are given by 
P StP = -2(s 2 - At) + 6tp + sp 2 , 
Q S , P = St 2 - 8stp - 2(s 2 - Ai)p 2 + tp 3 , 

R S , P = s 4 - 8s 2 t + 16t 2 + 8st 2 + 2t(s 2 - At)p + s(s 2 - 4t)p 2 - stp 3 + tp 4 , 
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or (ii) there exist u,v G M such that 

U V 2 \/ 4 

^ a = ~m — > b = ^r- 

where U BjUiV , V SjU;V , W S;U>V G M[s, u, v] with s = (s, t) are given by 

U s , u , v = 16s 3 - 48st - 6t 2 - 8s 2 u + 16tu + su 2 - 28stv + 6tuv - 2sV + 8tv 2 , 

V s>UyV = 9Qs 3 t - 9Qst 2 + 8t 3 - UsHu + 16t 2 w + Ustu 2 - tu 3 + 32s% - lQOsHv 

+ 128t 2 v - A0st 2 v - lQs 3 uv + QAstuv + \2t 2 uv + 2s 2 u 2 v - 8tu 2 v - 32s 2 tv 2 

+ 64* V + 8stuv 2 + 8tV, 

W S:U:V = 144s 3 * 2 + 256t 3 + 144st 3 - 3t 4 - 128st 2 u - 120s 2 t 2 w - 32t 3 w + 16s 2 tw 2 

+ 32iV + 33st V - 8stu 3 - 3t 2 u 3 + tu A + 96sHv - 288s 2 t 2 w + 25Qt 3 v + 68st 3 v 

- QAsHuv + 80st 2 uv - 18t 3 uv + Us 2 tu 2 v - stu 3 v + 16sV - 112s 3 tv 2 + 192st 2 v 2 

+ 2s 2 tV + 120* V - 8s V + A&sHuv 2 - 64* V + s 3 u 2 v 2 - Astu 2 v 2 - AsHv 3 

+ 16s*V + 24*V + 2s 2 tuv 3 - 8t 2 uv 3 + sV - 8s 2 tv A + 16*V + 8s*V. 

Corollary 3.4 (An answer to Isom(/,f 4 /M)). Let a, a' G M 2 be as in Theorem 3.3. We 
also assume that Gal(/f 4 /M) ^ v ±- Then two splitting fields of f£*(X) = X A + aX 2 + bX + b 
and of f^(X) = X 4 + a'X 2 + b'X + b' over M coincide if and only if either (i) there exists 
p G M which satisfies (3.3) or (ii) there exists a pair of u,v G M which satisfies (3.4) 

By Theorem 3.3 we obtain an answer to Isom°°(/ s 54 /M) as follows: We use the case (i) of 
Theorem 3.3 (we may also use (ii) instead of (i)). We regard p as an independent parameter 
over M formally and take f S J{X) G M(p)[X] where 

/ _ ^a.,pQa,p , , _ Qa,p 

a ~ R 2 ' i? 3 
- 1 L a,p ± L a,p 

as in (3.3). Then we have Spl M ^/ a (X) = Sp\ M ( p )f a <(X). The discriminant of fff(X) with 
respect to X is given by 

n a 12 s" 2 
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where S ajP = -646 2 + 16(a 2 - Ab)p 2 + 8sp A + p 6 . Thus for p G M we have Spl M / a (X) = 
Spl M / a /(X) unless Q a ,pRa,pS a ,p = 0. Since only finitely many p G M satisfy Qa, P Ra,pS a ,p = 0, 
we have the following corollary: 

Corollary 3.5 (An answer to Isom°°(/f 4 /M)). Let M D k be an infinite field. For & G M 2 
with D a 7^ 0, there exist infinitely many a' G M 2 such that Sp\ M f a 4 (X) = Sp\ M f^, 4 (X). 

Remark 3.6. By eliminating the variable v (resp. u) from the two equalities in (3.4) of 
Theorem 3.3, we get the equation h = where h G M(a,b,a' ,b')[u] is a polynomial in u 
(resp. v) of degree 24. This polynomial h coincides with the S4 x ^-relative iS^-invariant 
resolvent polynomial of / aa /(AT) by u (resp. v); for, from the definition of u (resp. v), we 
may regard u = 4ui/u 3 (resp. v = 2u2/u 3 ) where Ui is the formal Tschirnhausen coefficient 
which is defined in (2.2). Hence from Theorem 3.3 we also get a solution to Int(/,f 4 /M) by 
using Table 1 via DT(h) instead of DT(^). 

Example 3.7. We give some numerical examples of Theorem 3.3. Note that we always 
assume D a ^ for a = (a, b) G M 2 . 



14 AKINARI HOSHI AND KATSUYA MIYAKE 

(i) If we take p = then we have 

(P a , Q a , P a ) = (-2(a 2 - 46), -8b 2 , a 4 - 8a 2 6 + 16b 2 + 8a6 2 ). 
Hence two splitting fields of /f 4 (X) = X 4 + aX 2 + bX + b and of 

f*(x) = x 4 - 2 V- 4& ) &4 ^ . (x + n 

ja ' 1 ; (a 4 - 8a 2 6 + 166 2 + 8a6 2 ) 2 (a 4 - 8a 2 6 + 16b 2 + 8a6 2 ) 3 1 ; 

over M coincide. The corresponding Tschirnhausen transformation from /.f 4 (X) to f a 4 (X) 
as in (3.2) is given by 

/ / 8h 2 (n-\-2Y 2 ) \\ 

tf W = Res U .ta„t y (/f(K),.Y - (-^^L)). 

In particular, if we take a = then we see that the polynomials 

/g (X) = X 4 + 6X + 6 and /g 62 (X) = X 4 + 26X 2 + b 2 (X + 1 ) 

have the same splitting field over M. We remark that this example is a generalization of 
Example 3.2 (i), (ii). 

(ii) If we take p = 2 then we have 

(P a , Qa, Pa) = (-2(-2a + a 2 - 106), -8(a 2 - 56 + 2a6 + 6 2 ), 
4a 3 + a 4 + 166 - 24a6 - 4a 2 6 + 8a6 2 ) . 

Hence two splitting fields of /f 4 (X) = X 4 + aX 2 + 6X + 6 and of 

s v4 2 7 (2a - a 2 + 106) (a 2 - 56 + 2a6 + 6 2 ) 2 v2 
J a > (X) - X + — - 77—7 7~o7 '. TTZvxv?. 



(4a 3 + a 4 + 166 - 24a6 - 4a 2 6 + 8a6 2 ) 
2 12 (a 2 -56 + 2a6 + 6 2 ) 4 
+ (4a 3 + a 4 + 166 - 24a6 - 4a 2 6 + 8a6 2 ) 3 ^ + ' 

over M coincide. The corresponding Tschirnhausen transformation from ff 4 (X) to f a , 4 {X) 
is given by 

f A X) = Resultant, (fi<(Y),X - (- g <f ~ » + 2 f + + ^ " + 2V ">)Y 
v ; y V a v ; ' V 4a 3 + a 4 + 166 - 24a6-4a 2 6 + 8a6 2 // 

In particular, if we take a = then we see that the polynomials 

f*(X) = X 4 + 6X + 6 and / 5 t (6 _ 5)2 , 6(b _ 5)4 (X) = X 4 + 56(6 - 5) 2 X 2 + 6(6 - 5) 4 (X + 1) 
have the same splitting field over M. 

(iii) If we take u — v — then we have 

(P a , K, W a ) = (2(8a 3 - 24a6 - 36 2 ), 86(12a 3 - 12a6 + 6 2 ), 
6 2 (144a 3 + 2566 + 144a6 - 36 2 )). 

Hence two splitting fields of /f 4 (X) = X 4 + aX 2 + 6X + 6 and of 

f s 4(x) = X 4 , 2 7 (8a 3 - 24a6 - 36 2 )(12a 3 - 12a6 + 6 2 ) 2 
Ja ' { ' 6 2 (144a 3 + 2566+ 144a6 - 36 2 ) 2 

2 12 (12a 3 -12a6 + 6 2 ) 4 
+ 6 2 (144a 3 + 2566 + 144a6 - 36 2 ) 3 ^ + ' 
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over M coincide. The corresponding Tschirnhausen transformation from f^ 4 (X) to f^(X) 
is given by 

f*(X\ - Resmtant (Vw X ( H^a 3 ~ ^ + b 2 )(3b + AY 3 ) ^ 
/ a , (X) - Resultanty [f a (Y),X - {~ b{1Ua s + 256b + 1Uab _ 3b2) ) ) ■ 

In particular, if we take a = then we see that the polynomials 

8h 

f*t(X) = X 4 + bX + b and f% 2 ^ 8B:i (X)=X i -6B 2 X 2 -8B 3 (X + l) with B = - - — 

have the same splitting field over M. We give examples in the case of b, B e Z in Table 2. 

Table 2 



6 


-256 


64 


80 


84 


85 


86 




2 


-8 


-40 


-168 


-680 


344 


-65 2 


-24 


-384 


-9600 


-169344 


-2774400 


-710016 


-85 3 


-64 


4096 


512000 


37933056 


2515456000 


-325660672 



b 


88 


96 


128 


256 


768 


B 


88 


24 


8 


4 


3 


-6B 2 


-46464 


-3456 


-384 


-96 


-54 


-8B 3 


-5451776 


-110592 


-4096 


-512 


-216 



We note that Gal(/§/Q) = S 4 for the 6's in Table 2 except for b = -256, 128, 768 and 
that Gal(/ 5 ^/Q) = £> 4 for the exceptional cases b = -256, 128, 768. 



3.2. Proof of Theorem 3.3. 

By Lemma 2.10, two splitting fields of f£ 4 (X) and of /f, 4 (X) over M coincide if and only 
if there exist x,y, z,w G M such that 

(3.5) f^(X)=R'(x,y,z,w,a,b;X) 
where 

&(x,y,z,w,s,t;X) 

:= Resultant y (/f 4 (F),X - (x + yY + zY 2 + wY 3 )) 

= t 3 w 4 + 3st 2 w 3 x - t 3 w 3 x + s 3 w 2 x 2 - 3stw 2 x 2 + 3t 2 w 2 x 2 - 3twx 3 + x 4 - 2st 2 w 3 y 

o o 

+ t w y — s tw xy — 5t w xy — 2s vox y + Atwx y + s tw y + 2t w y + 2stwxy 

22 S 34'53 22 22 22 2 

+ sx y — 2stwy — txy + ty — t w z — 2s tw xz + At w xz + st w xz + stwx z 

— 2sx 3 z — st 2 w 2 yz + Astwxyz — 3t 2 wxyz + 3tx 2 yz + 3t 2 wy 2 z — Atxy 2 z + st 2 w 2 z 2 
+ t 2 wxz 2 + s 2 x 2 z 2 + 2tx 2 z 2 - At 2 wyz 2 - stxyz 2 + sty 2 z 2 - 2stxz 3 + t 2 xz 3 - t 2 yz 3 
+ t 2 z A + (-3st 2 w 3 + t 3 w 3 - 2s 3 w 2 x + Qstw 2 x - Qt 2 w 2 x + 9twx 2 - Ax 3 + s 2 tw 2 y 

+ 5t 2 w 2 y + As 2 wxy — 8twxy — 2stwy 2 — 2sxy 2 + ty 3 + 2s 2 tw 2 z — At 2 w 2 z — st 2 w 2 z 

— 2stwxz + 6sx 2 z — Astwyz + 3t 2 wyz — Qtxyz + Aty 2 z — t 2 wz 2 — 2s 2 xz 2 — Atxz 2 
+ styz 2 + 2stz 3 - t 2 z 3 )X + (s 3 w 2 - 3stw 2 + 3t 2 w 2 - 9twx + Qx 2 - 2s 2 wy + Atwy 



sy 



stwz - 6sxz + 3tyz + s 2 z 2 + 2tz 2 )X 2 + (3tw - Ax + 2sz)X 3 + X 4 
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We first see that (z,w) ^ (0,0) as follows: If we assume (z,w) = (0,0) then we should have 



R'(x, y, 0, 0, s, t; X) = x 4 + sx 2 y 2 - txy 3 + ty 4 + (-Ax 3 - 2sxy 2 + ty 3 )X 

+ (Qx 2 + sy 2 )X 2 - AxX 3 + X 4 . 

By comparing the coefficients of X 3 in (3.5), we obtain x = 0. It also follows that y = 1 
because we see ty 3 = ty 4 by R'(0, y, 0, 0, s, t; X) = X 4 + sy 2 X 2 + ty 3 X + ty 4 . Thus we obtain 
a = a' which contradicts the assumption. 

(i) The case of w = and z ^ 0. By comparing the coefficients of X 3 in (3.5), we see 
— 4x + 2sz = 0; hence we have x = sz/2. By direct computation, we then have 

R'(sz/2, y, z, w, s, t; X) = c + c x X + c 2 X 2 + X 4 

where 

c = (l6ty 4 - 8sty 3 z + As 3 y 2 z 2 - lQsty 2 z 2 + As 2 tyz 3 

- m 2 yz 3 + s 4 z 4 - 8s 2 tz 4 + m 2 z 4 + 8st 2 z 4 ) /l6, 
Cl = ty 3 - s 2 y 2 z + 4ty 2 z - 2styz 2 - t 2 z 3 , 
c 2 = (2sy 2 + Qtyz - s 2 z 2 + Atz 2 ) /2. 

Now it follows from (3.5) that c — c±. We put 

2y 

p := —. 

z 

Then, by c = ci, we get an equation which is linear in z. From this equation we have 

2(-2p 2 s 2 + 8p 2 t + p 3 t - 8pst - 8t 2 ) _ , 

Z ~ p 2 s 3 + s 4 + pH - Ap 2 st - p 3 st - 8sH + 2psH + 16t 2 - 8pt 2 + 8st 2 ~' Z ' 

Thus we get x := (x,y,z) = (sz' /2,pz' /2, z') and 

R'(Z, s, t; X) = + 9«X + ^0±X 2 + X 4 . 

n s,t n s,t n s,t 

(ii) The case of w ^ 0. By comparing the coefficients of X 3 in (3.5), we see 3tw — Ax + 
2sz = 0. Hence follows x = (3tw + 2sz)/A. By direct computation, we have 



R'((3tw + 2sz)/A, y, z, w, s, t; X) = C + C X X + C 2 X 2 + X 4 
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where 

C = (l44s 3 t 2 w 4 + 256t 3 w 4 + UAst 3 w 4 - 3t 4 w 4 - 512st 2 w 3 y - A80s 2 t 2 w 3 y 

- 128t 3 w 3 y + 25Qs 2 tw 2 y 2 + 512t 2 w 2 y 2 + 528st 2 w 2 y 2 - 512stwy 3 - 192t 2 wy 3 
+ 25Qty 4 + 192sHw 3 z - 57Qs 2 t 2 w 3 z + 512t 3 w 3 z + 13Qst 3 w 3 z - h\2s 3 tw 2 yz 

+ QA0st 2 w 2 yz - \AAt 3 w 2 yz + AA8s 2 twy 2 z - 128sty 3 z + QAs 5 w 2 z 2 - AA8s 3 tw 2 z 2 
+ 7Q8st 2 w 2 z 2 + 8s 2 t 2 w 2 z 2 + A80t 3 w 2 z 2 - 128s 4 wyz 2 + 7Q8s 2 twyz 2 

- 102At 2 wyz 2 + 6As 3 y 2 z 2 - 25Qsty 2 z 2 - 32s 3 twz 3 + 128st 2 wz 3 + 192t 3 wz 3 
+ UsHyz 3 - 256t 2 yz 3 + 16sV - 128s 2 tz 4 + 256fV + I28st 2 z 4 ) /256, 

Ci = (-12s 3 tw 3 + 12st 2 w 3 - t 3 w 3 + 32s 2 tw 2 y - 8t 2 w 2 y - 28stwy 2 + 8ty 3 

- 8s 4 w 2 z + A0s 2 tw 2 z - 32t 2 w 2 z + 10st 2 w 2 z + 16s 3 wyz - QAstwyz 

- 12t 2 wyz - 8s 2 y 2 z + 32ty 2 z + lQsHwz 2 - 32t 2 wz 2 - lQstyz 2 - 8t 2 z 3 ) /8, 
C 2 = (8s 3 w 2 - 2Astw 2 - 3t 2 w 2 - lQs 2 wy + 32twy + 8sy 2 - 28stwz + 2Atyz 

- As 2 z 2 + 16tz 2 ) /8. 

Now it follows from (3.5) that C — C±. We put 

Ay 2z 
u := — , v := — . 

w w 

Then, by Co = Ci, we get an equation which is linear in w. From this equation we have 

w = -4(96s 3 t - 96st 2 + 8t 3 - QAs 2 tu + lQt 2 u + lAstu 2 - tu 3 + 32s 4 u - lQOsHv 
+ 128t 2 v - A0st 2 v - lQs 3 uv + QAstuv + \2t 2 uv + 2s 2 u 2 v - 8tu 2 v - 32s 2 tv 2 
+ 6At 2 v 2 + 8stuv 2 + 8fV)/(l44s 3 f 2 + 256t 3 + 144st 3 - 3t 4 - 128st 2 w 

- 120s 2 t 2 w - 32t 3 u + 16s 2 tw 2 + 32fV + 33stV - 8stu 3 - 3t 2 u 3 + tu 4 
+ 9Qs 4 tv - 288s 2 t 2 v + 25Qt 3 v + Q8st 3 v - QAshuv + 80st 2 uv - \8t 3 uv 
+ \As 2 tu 2 v - stu 3 v + 16s V - 112s 3 tw 2 + 192sfV + 2s 2 t 2 v 2 + 120tV 

- 8s 4 uv 2 + A8s 2 tuv 2 - QAt 2 uv 2 + s 3 u 2 v 2 - Astu 2 v 2 - AsHv 3 + 16stV 
+ 24tV + 2sHuv 3 - 8t 2 uv 3 + s 4 v 4 - 8s 2 tv 4 + 16tV + 8st 2 v 4 ) =: w'. 

We finally have x : = (x, y, z, w) = ((St + 2sv)w'/A, uw'/A, vw'/2, w') and 

4. The case of V± 

Let M be an infinite overfield of k with char k ^ 2. We take a /c-generic polynomial 

fZ 4 (x)=x 4 + s x 2 + tek(s,t)[x}. 

The discriminant of ffj- (X) with respect to X is given by 

D Sjt := 16t(s 2 - 4t) 2 . 

We always assume that for a = (a, b) G M 2 , f£ 4 (X) is separable over M, i.e. D a ^ 0. 
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4.1. Transformation to X 4 + sX 2 + t. 



From the definition of generic polynomial, for a separable quartic polynomial 
g 4 (X) = X 4 + aiX 3 + a 2 X 2 + a 3 X + a 4 G M[X], (a u a 2 , a 3 , a 4 G M), 
with Gal(^ 4 /M) < X> 4 , there exist a,b e M such that Spl M /^ 6 4 (X) = Spl M # 4 (X). 

Indeed, in 1928, Garver [Gar28-1] proved that g±(X) (a x = 0) can be transformed into the 
form f^(X) by certain Tschirnhausen transformation for k — Q. The aim of this subsection 
is to give an explicit formula of such a transformation for general g±(X) (including the case 
ai 0) via resolvent polynomial. 

Let fc(x) := . . . , X4) be the rational function field over k with variables 
in Section 2. We put 

Zi := Xi — x%, z 2 := ~~ 

then the group D 4 = (a, T\) where a = (1234) and T\ = (13) acts on k(z±, z 2 ) C k(x±, . . . , x 4 ) 
as 

a : zi i-> z 2 , z 2 h-> -^i, ri : 24 i-> z 2 h-> z 2 . 

Take an iS 4 -primitive £> 4 -invariant 9 := £12:3 + a; 2 a; 4 . Then we have A;(x) :D4 = fc(si, . . . , s 4 )(0) 
where Sj is the i-th elementary symmetric functions in x. We consider the minimal polyno- 
mial of Z\ over k(s x , . . . , s 4 )(6*): 

(X-^ 1 )(X + z 1 )(X-^ 2 )(X + ^ 2 ) 

= X 4 + (-(xl + x\ + x\ + a^) + 2(24X3 + x 2 x 4 ))X 2 + (x x - :r 3 ) 2 (:r 2 - ^ 4 ) 2 
= X 4 + (-s 2 + 2s 2 + 2#)X 2 + (si - 4sis 3 + 16s 4 + 2s 2 9 - W 2 ). 

Then we have 

Lemma 4.1. The polynomials f s (X) = X 4 — siX 3 + s 2 X 2 — s 3 X + s 4 and 
X 4 + (si + 2s 2 + 29)X 2 + (si - 4sis 3 + 16s 4 + 2s 2 9 - W 2 ) 
are Tschirnhausen equivalent over k(s±, . . . , s 4 )(^). 

Proof. It can be checked directly that 

_ sjs 2 - 4s 2 + 4gis 3 - sj9 + W 2 + (4 - 4sis 2 + 8s 3 )^i + (sj - 4s 2 + A9)z 2 
Xl ~ 2( S 3-4s lS2 + 8s 3 ) 

By the successive actions of a on both sides of this equality, we obtain the assertion. □ 

We take an absolute (i.e. 5 4 -primitive) D 4 -invariant resolvent polynomial of g±(X) by 9: 

(4.1) KV e ,s A ,g A ( x ) = ( x ~ ( x i x 3 + x 2 x A ))(X - (x x x 2 + x 3 x A ))(X - (x x x A + x 2 x 3 )) 

= X — a 2 X + (a x a 3 — 4a 4 )X — a 3 — + 4a 2 a 4 . 

We note that if ^(X) is separable over M then TZVg t s4,,g 4 (X) is also separable over M, 
because their discriminants exactly coincide. 

From the assumption of Gal(g 4 /M) < V 4 , the resolvent polynomial 1ZVep 4 , g4 (X) has a 
root c G M. By specializing parameters (s±, s 2 , s 3 , s 4 ) 1— > (— a x , a 2 , — a 3 , a 4 ) G M 4 in Lemma 
4.1, we get 
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Lemma 4.2. For (ai, a 2 , a 3 , a 4 ) G M 4 , we assume that a\ — 4ai<2 2 + 8a 3 7^ 0. T/ien £/ie £u;o 
polynomials g A (X) = X 4 + aiX 3 + a 2 X 2 + a 3 X + a 4 Ga% 4 /M) < V 4 and f^(X) = 
X 4 +aX 2 +b are Tschirnhausen equivalent over M (in particular, Spl M g 4 (X) = Spl M /^(X)) 
where 

a = —a 2 + 2a 2 + 2 c, b = a\ — 4aia 3 + 16a 4 + 2a 2 c — 3c 2 
and c G M is a root ofTZVe,v 4 , g4 ,(X) as in (4.1). 

Remark 4.3. We may assume a\ — 4ai<2 2 + 8a 3 7^ for our purpose because we should treat 
only the case of a± — and a 3 7^ 0. 

Example 4.4. Take M = Q and (ai, a 2 , a 3 , a 4 ) = (1, 1, 1, 1). Then we obtain the 5-th cyclo- 
tomic polynomial g&(X) = X 4 + X 3 + X 2 -|-X + 1 and the corresponding resolvent polynomial 
KVe,v 4 , 94 ( x ) = X 3 -X 2 -3X + 2 which splits as (X - 2) (X 2 + X - 1) over Q. Thus we 
take c = 2 to have (a, b) = (5, 5). Hence it follows that gt{X) = X 4 + X 3 + X 2 + X + 1 and 
X 4 + 5X + 5 have the same splitting field over Q. 

4.2. Intersection problem of /f 4 (X) = X 4 + sX 2 + t. 

We take the rational function field fc(x) := fc(xi, . . . , x 4 ) over with variables xi, . . . , x 4 
as in Section 2. In the case of D 4 , by a result of the previous subsection, we may specialize 
x 3 := —Xi, X4 := —X2 and consider the field fc(xi,x 2 ) = fc(x). Put 

(7:= (1234), n:=(13), r 2 := (24), r 3 := (12)(34), r 4 := (14)(23). 

Then the group £> 4 = (a, r,), (i = 1, . . . , 4) acts on fc(xi, x 2 ) as in the previous subsection by 

o~ '. X\ 1 — ^ x 2 , x 2 1— > — Xi, 

ri : xi h-> -Xi, x 2 h-> x 2 , r 2 : ii h> x 1} x 2 -x 2 , 
r 3 : Xikijh xi, r 4 : x l i-> -x 2 , x 2 h-> -x x . 

We first see that A;(xi,x 2 ) :D4 = k(s,t) =: fc(s) where 

■ — _ 2 _ 2 +._ 22 

5 . X^ X 2 ; t ■ X^X^, 

The element xi (resp. x 2 ) is a £> 4 -primitive (r 2 ) -invariant (resp. (ri)-invariant). Thus two 
fields fc(xi,x 2 )( T2 ^ = fc(s)(xi) and fc(xi, x 2 )^ T1 ^ = fc(s)(x 2 ) are non-Galois quartic fields over 
fc(s) = k(s,t). 

By Kemper-Mattig's theorem [KM00], we see that the D 4 -primitive (ri)-invariant resolvent 
polynomial 

ffi(X) := TIV X2 ^(X) = (X 2 - x\)(X 2 - x\) 
= X 4 + sX 2 +t G k(s,t)[X] 

by x 2 is a A;-generic polynomial for D 4 . In this section, we treat only the case where f^ 4 (X) 
is irreducible over M. (See Section 6 for reducible cases.) 

The group £> 4 has five elements of order two and they form three S 4 -conjugacy classes 
T 2}, { T 3, T4}) {°~ 2 = r i T 2 = r 3 T i}, and the group (a 2 ) is the center of D 4 . 

The element X\ + x 2 (resp. X\ — x 2 ) is a TVprimitive (r 3 )-invariant (resp. (r 4 )-invariant). 
Hence the fields /c(x)^ = k(s)(xi + x 2 ) and k{x.)^ = k(s)(x 1 — x 2 ) are also non-Galois 
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quartic fields over k(s). Thus the £> 4 -primitive (r 3 )-invariant resolvent polynomial 
g%(X) := KV xl+xa ,vt(X) = (X 2 - ( Xl + x 2 ) 2 ) (X 2 - ( Xl - x 2 ) 2 ) 
= X 4 + 2sX 2 + (s 2 - At) E k(s, t) [X] 

by Xi + x 2 is also a /c-generic polynomial for X> 4 . We see gfj(X) = f 2 V s l s 2^ it (X) and that the 
discriminant of gff(X) with respect to X equals 2 12 t 2 (s 2 — At). 

We note that k(s)[X]/(f^ 4 (X)) and k(s)[X]/(gf 4 (X)) are not isomorphic over k(s) al- 
though Spl A;( - s )/J ?4 (X) = Spl fc ( s )(?f 4 (X) = fc(xi,X2). From above we see 

Lemma 4.5. Assume that Gal(/f 4 /M) = £> 4 /or a = (a, b) E M 2 . For a' = (a',b') E M 2 , 
the following two conditions are equivalent : 

(i) Spl M / a ^(X) = Spl M /f 4 (X); 

(ii) M[X]/(f^(X)) is M-isomorphic to either M[X]/(f^(X)) or M[X]/(ff a 4 a2 _ Ab (X)). 

In the case of Gal(/f 4 /M) = C 4 or V 4 , we see that Sp\ M f£ 4 (X) = Spl M / i f 4 (X) if and 
only if M[X]/(ffi(X)) = M[X]/(f^(X)) (cf. Corollary 2.16). 

The Galois biquadratic field /c(x)^ CT > of k(s) is given as fc(x)^ ^ = k(s)(xi/x2) which is 
obtained as the minimal splitting field of 



2 \/„, /a; 2 \ 2 \ „, s 2 -2t 



X 2 + l 



.X 2 J ' V / t 

over fc(s). The group X> 4 has three subgroups (ti,t 2 ), C 4 = (cr) and (r 3 ,r 4 ) of index two. 
The cyclic group C 4 = (a) acts on k(x)^ = k(s)(xi/x2) by a : X\jx 2 i— > —x 2 jx\. Hence 
we take 

M := — — — — — = = v/(s 2 -4t)/t, v := x x x 2 = Vt. 

X 2 Xi X\X 2 

Then three quadratic fields fc(x)^, /c(x)^ Tl ' T2 ^ and /c(x)^ T3 ' T4 ^ of fc(s) are given as 
fc(x)< ff > = fc(s)(u) = fc(s)( v / (s 2 -4i)/0, 
fc( x )<^> = fc( s )( v ) = fc( s )(«s/t), 



fc ( x )<r3,r 4 > = fc ( s )(( Xl +x 2 )(m -x 2 )) = k(s)(Vs^At). 

Note that t = s 2 / (w 2 + 4). From the above observation, we see the following three elementary 
lemmas (cf. [Bucl910], [Gar28-2], [Les38], [Plo87], [KW89], [JLY02, Chapter 2]): 

Lemma 4.6. Let k be a field of char k ^ 2. Then we have 

(i) f c s 4 u (X) =X A + sX 2 + s 2 /{u 2 + A)E k(s, u)[X] is k-generic for C 4 ; 

(ii) fs,t( x ) =X A + sX 2 + v 2 E k(s,v)[X] is k-generic for V 4 . 

Lemma 4.7. For a = (a, b) E M 2 with D a ^ 0, the polynomial f a 4 (X) = X 4 + aX 2 + b is 
reducible over M if and only if either \/a 2 — Ab E M , \/ —a + 2\fb E M or V-a - 2Vb E M. 

Note that 

g?{X) = nV xi+X2 V4j v 4 (X) = X 4 + 2aX 2 + (a 2 - Ab) 

= (X - V~a + 2Vb) (X + V-a + 2Vb) (X - y/ -a - 2y/ty {X + y/-a-2y/^. 

Lemma 4.8. For a = (a, b) E M 2 with D a ^ 0, assume that f£ 4 (X) = X 4 + aX 2 + b is 
irreducible over M . Then the following assertions hold: 

(i) Vb E M if and only if Gal(/f 4 /M) = V 4 ; 

(ii) y/(a? -Ab)/b EM if and only if Gal(/f 4 /M) = C 4 ; 
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(iii) VbgM and ^/(a 2 -4b)/b g M if and only if Gal(f^/M) = V 4 . 
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In the case of Gal(/.f 4 /M) = D 4 , three quadratic extensions of M are given as 

(4.2) M{Vb), M(v/(a 2 -46)/6), M{Va 2 -4b). 

For the field k(x, y) := k(x±, x 2 , yi, 1/2), we take the interchanging involution 

l : fc(x,y) — ► fc(x,y), x x 1 — ► j/j, yi 1 — ► a^, x 2 ' — ► y 2 , 2/2 1 — >^2 

as in Section 3. For a = (1234), T\ = (13) G <S 4 , we put (<j',t[) := (i _1 <7£, i _1 Tii); then 
cr',r{ G Autfc(y); and we write 

V A = (^n), X> 4 = (oVi), ^' = (^',r 1 r{). 

Note that £> 4 (= X> 4 ) is a subgroup of £> 4 x V' A . 

Take an <S 4 x ^-primitive <S 4 -invariant P := x±yi + x 2 y 2 + x^y^ + x 4 y 4 as in Section 3. Put 
f^,(X) := f^(X)f^ 4 (X) where (s, s') = (s,t,s',t'). Then the <S 4 x ^-relative ^'-invariant 
resolvent polynomial 1Z S , S > (X) of ff 4 , by P splits as 

k s , s ,(x) := ftp , (x) = nlAx) ■ (nlAx)) 2 

^ J s,s' 

where 

< S ,(X):=^ 4X ^ (X) 

(4.3) = X s - 8ss'X 6 + 16(sV 2 + 2ts' 2 + 2sH' - \m')X A 

- 128ss'(ts' 2 + s 2 t' - 8tt')X 2 + 256(ts /2 - sY) 2 , 
Kl s ,(X) :=X 8 - Ass'X 6 + 2(3sV 2 - 4ts' 2 - AsH 1 - lQtt')X 4 

- 4ss'(s 2 - At)(s' 2 - At')X 2 + (s 2 - 4t) 2 (s' 2 - 4t') 2 - 

Note that P is regarded as £> 4 x D 4 -primitive X> 4 -invariant in (4.3). The discriminant of 
lZl 3 ,(X) with respect to X is given by 

2 ™tH'\s 2 - At)\s' 2 - U')\sH' - s' 2 t) 2 (s 2 s' 2 - As' 2 t - AsH'f. 

For a = (a, b), a' = (a', b') G M 2 with D a ■ D a , ^ 0, we put 

L a :=Sp\ M f^(X), C7 a :=Gal(/f 4 /M), G a , a , := Gal(/J,/M). 

Using Theorem 2.1, we obtain an answer to lnt(f® 4 /M) via resolvent polynomial 7^g S /(X) 
as follows: 

Theorem 4.9. For a = (a, b), a' = (a', 6') G M 2 wift L> a • D a > 7^ 0, assume that both of 
f a 4 (X) and f a , 4 (X) are irreducible over M and #C7 a > #G a ,. If G a = V 4 (resp. G a = C 4 
or V 4 ) then an answer to the intersection problem of ff^(X) is given by Table 3 (resp. by 
Table 4) according to DT(ft aja /). 
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z, z, z, z 


o2 o4 
, Z 


V), 
U4 




fTT 1 

v y 


rs ^i 

[0, OJ 


7"),, 
i^4 


^a — 


T 

L a ' 




zL 9 9 
; Z, Z 


8 8 4 9 9 
5, 0, 4, Z, Z 






^11- lO ^ 


18 ^1 
[0, OJ 


7"),, 
U4 


^a — 


L a / 




9 9 9 1 1 
z ) z > z ) J-j - 1 - 


8 4 2 9 ;:i 1 2 
5, 4 , Z ,1 






111- l 11 ! 1 


r^9 9^1 

[OZ, ZOJ 


1^4 A U4 


L a n L a 


A/f 

/ — IVl 




a 



1 8 
1U, 




c 4 


(TT 1 ^ 
^11- io ^ 


ri r ^i 

[10, 6\ 


(f". v r"Yl vi C n 
\y4 a L-2 ) a L-2 


r r or 
[L a r 1 L a / 


1W J — 


9 
Z 


4 4 
4, 4 


1 4 4 
10, 4, 4 




t 11- 1U 1 


[10, OJ 


^L.4 A L-2 J a 1 1--2 


[L a n L a / 


M] = 


2 


4 4 
4, 4 


8 8 4 4 

0, 0, 4, 4 






f TT 1 7"l 
i ii- 1 / i 


rifi ii 

[10, 4j 


VI C A 

04 A L^4 


[L a n L a / 


M] = 


2 


a 



1 fi 8 

lUj 






(TT-1^ 

Ill lO 1 


119 461 


T)^ v V/ 


L a nL a 


, = M 




a 

O 


8 8 8 






(11-19) 


[16,11] 


P 4 x C 2 


[L a n L a , 


M] = 


2 


8 


8,8,8 




v 4 


(11-20) 


[16,11] 


£> 4 x C 2 


[L a n L a / 


M] = 


2 


8 


8,8,4,4 




(11-21) 


[16,11] 


P 4 x C 2 


[L a n L a ' 


M] = 


2 


4,4 


8,8,4,4 






(11-22) 


[8,3] 


P 4 


L a D L a / 


8 


8,4,4,4,4 






(11-23) 


[8,3] 


P 4 


L a D L a ' 


4,4 


8,4,4,4,4 



Table 4 



G a 


G a ' 




GAP ID 




[L a n L a , : M] 




DT(^ a ,a') 






(III-l) 


[16,2] 


C 4 x C 4 


L a n L a / = M 


4,4 


16,4,4 






(III-2) 


[8,2] 


C 4 x C 2 


[L a n L a ' : M] = 2 


2,2,2,2 


8 2 ,2 4 






(III-3) 


[4,1] 


c 4 


L a = L a > 


2 2 ,1 4 


4 4 ,2 2 ,1 4 




(III-4) 


[16, 10] 


C 4 x V 4 


L a n L a / = M 


8 


8,8,8 




v 4 


(III-5) 


[8,2] 


C 4 x C 2 


[L a n L a ' : M] =2 


8 


8,8,4,4 






(III-6) 


[8,2] 


C 4 x C 2 


[L a n L a ' : M] =2 


4,4 


8,8,4,4 






(III-7) 


[16, 10] 


V 4 x C 4 


L a n L a ' = M 


8 


8,8,8 




c 4 


(III-8) 


[8,2] 


C 2 x C 4 


[L a n L a ' : M] = 2 


8 


8,8,4,4 






(III-9) 


[8,2] 


C 2 x C 4 


[L a n L a ' : M] = 2 


4,4 


8,8,4,4 






(111-10) 


[16, 14] 


V 4 x V 4 


L a n L a ' = M 


4,4 


4 « 


v 4 




(III-ll) 


[8,5] 


V 4 x C 2 


[L a n L a ' : M] =2 


4,4 


4 4 ,2 4 




v 4 


(111-12) 


[8,5] 


V 4 x C 2 


[L a n La' : M] = 2 


4,2,2 


4 4 ,2 4 




(111-13) 


[8,5] 


V 4 x C 2 


[L a n La' : M] =2 


2,2,2,2 


4 4 ,2 4 






(111-14) 


[4,2] 


v 4 


L a = L a ' 


4,2,2 


4 2 ,2 e ,l 4 






(111-15) 


[4,2] 


v 4 


L a = L a ' 


2V 4 


4 2 ,2 B ,1 4 



Remark 4.10. By comparing six fields M(Vb), M(^/(a 2 - 46) /6), M(Va 2 -46), M(^6 7 ), 
M(^(a' 2 -46 , )/& / ) and M( v / a' 2 - 46') each of which is a quadratic extension of M or coin- 
cides with M as in (4.2) (cf. Lemma 4.8), we may distinguish all cases in Table 3 and Table 
4 except for {(II- 7),. . . ,(11-13)} and { (III-2) , (III-3) } . 



FIELD INTERSECTION PROBLEM OF QUARTIC GENERIC POLYNOMIALS 



23 



Remark 4.11. In the case of G a = G a > = V 4 , the decomposition type 4, 2, 2 of lZ a a ,(X) over 
M means that the splitting fields L a and L a i coincide and the quotient fields M[X]/ (f a 4 (X)) 
and M[X\/{f^ 4 (X)) are not M-isomorphic (cf. Theorem 2.15 and Lemma 4.5). 

4.3. Isomorphism problems of ff 4 (X) = X A + sX 2 + t. 

We treat the problems Isom(/,f 4 /M) and Isom°°(/f 4 / M ) 

more explicitly because by 

Theorem 4.9 we can not clearly see the existence of a' G M 2 , (a' ^ a) which satisfies 
Spl M (/f 4 pT)) = Spl M (/ a ^(X)), i.e., K^(X) has a linear factor or DT(^ a ,(X)) is 4,2,2. 

The problem Isom(/^' 4 /M) was investigated by van der Ploeg [Plo87] in the case M = Q 
and Gal(/^ 4 /Q) = T> 4 (see Lemma 4.14 below) to explain Shanks' incredible identities 
[Sha74]. We study Isom(/f 4 /M) for general M D k and Gal(/f 4 /M) < V 4 via formal 
Tschirnhausen transformation which is given in Section 2. 

For f£ A (X) = X 4 + sX 2 + 1, the problem lsom°° (f£ 4 / M) has a trivial solution because 
for an arbitrary c G M, Q(X) and ffy(X) = fZt, b A x ) = f%(X/c) ■ c 4 have the same 
splitting field over the infinite field M. Indeed, we have Sp\ M f^(X) = Sp\ M f^ 4 b ,(X) for 
a',b' G M with a 2 b' = a' 2 b and b'/b = c 4 ,c G M. Thus for ff 4 (X) we consider the refined 
question: 

Jsom°°' (f^ 4 / M) : for a given a, b G M, are there infinitely many 

a', b' G M with a 2 b' - a' 2 b ^ or b'/b ^ c 4 , (c G M) 
such that SpW/gpQ = Spl M /^,(X) ? 

We take the formal Tschirnhausen coefficients = Wj(x, y) G fc(x, y), (i = 0,1,2,3) 
which is defined in (2.2). Then the element Ui, (i = 0, 1, 2, 3), becomes an S 4 x ^-primitive 
iS^-invariant and we may take the corresponding resolvent polynomials 

KA X ) :=^ 4 x^OP0' '^W^v^ftW' (< = 0.1.2,3). 

In the latter case, we regard the u^s as V 4 x D^-primitive D4 -invariants. Now we put 



(d,d') := (s 2 -At,s' 2 -At'). 



Then by the definition we may evaluate the resolvent polynomial F* a ,(X), (i = 0,1,2,3), 
which splits as 

K*>( x ) = KA X ) ■ (Ki( x )) 2 



/ s 2 / 4 Jl 4 

FUX)=x\x* + 2 ^- + g), 
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where 
(4.4) 

Fll(X) = X*- 2sS ' is2 d - 3t) XS 

sS' 2 - 6sV 2 t + 9s 2 s ,2 t 2 + 2s ,2 t 3 + 2s 6 t' - 12sHt' + 18sW - 16t¥ v4 

+ dH 2 X 

2ss'{s 2 - 3t)(s' 2 t 3 + sH' - 6sH t' + 9s 2 t 2 t' - 8tH') x2 



+ 



dH 3 

(-s'H 3 + sH' - 6sHt' + 9s 2 t 2 t') 2 
dH 4 : 



F$(x) = x»- ss ' {s2 d ; 3t) x° 

3s 6 s' 2 - 18sV 2 t + 27s W - As' 2 t 3 - 4s 6 t' + 24s 4 tt' - 36sW - 16tH' ^ 

+ TTl^ X 



4 



8d 2 t 2 

_ sgVj-jtK^-f^ 2 (s 2 - tfd! 2 
\U 2 t 3 + 256rf 2 t 4 ' 

z*,i, Y . v s 2ss' V 6 , g 2 g /2 + 2g /2 t + 2 S ¥-16tty 4 2ss / (s /2 t + s 2 t'-8tt / ) ^ 2 

F ^' (X) = X -^r x + dH 2 x dH 3 x 

(g2g - g' 2 t )2 

3,2, Y , _ Y s ss' 6 3sV 2 -4s /2 t- ^-lGtt 7 4 _^s^ 2 d' 2 

The discriminants of F^^,(X) and of F s 3 g!(X) with respect to X are given by 

, /nllMAU 2 24 t /4 (s 2 - t) 8 (s' 2 - At')\sH' - QsHt' + 9sHH' - s'H 3 ) 2 
disc(F s s ,(X)) = (g2 _ 4t)24t i6 

• (s 6 s' 2 - 6s 4 s ,2 t + 9sW - 4s'V - AsH' + 24s 4 tt' - 36s 2 tY) 4 , 

, , p31 , v ,, 2 24 t /4 ( S /2 -4t / ) 4 (s 2 t , -s ,2 t) 2 (s 2 s ,2 -4 S /2 t-4s 2 t / ) 4 
disc(F s ;,(X)) = _____ . 

For a, a' e M 2 with _D a ■ D a / 7^ 0, we assume that f a A (X) and f a , 4 {X) are irreducible over 
M and we write 

G a := Gal(/fVM), GW := Gal(/£ 4 /M). 

From Lemma 2.10, two fields M[X]/(f^(X)) and M[X]/(f^(X)) are M-isomorphic if and 
only if there exist x,y,z,w G M such that 

(4.5) f^(X) = R'(x,y,z,w,a,b;X) 

:= Resultant* (/^ (X), X - (x + yY + zY 2 + wY 3 )) 

where 

(4.6) (x, y, z, w) — a;/ aa ,(7r(uo), 7r(ui), tt^), ^(1x3)) for some f 6 5 4 x 5 4 . 

Lemma 4.12. For a = (a,b), a' = (a',b') E M 2 with D a ■ D a / 7^ 0, we assume that 
C 4 < G a ,G a , IfM[X]/(f?*(X)) —m M[X]/(ffi(X)) then (x,z) = (0,0). Namely f^(X) 
is obtained from f^*(X) by Tschirnhausen transformation of the form yX + wX 3 . 
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Proof. By Theorem 2.15, two fields M[X]/(f£ 4 (X)) and M[X]/(/^ 4 (X)) are M-isomorphic 
if and only if DT(Fg S ,(X)) includes 1. It follows from the assumption C 4 < G a ,G a > and 
Tables 3 and 4 of Theorem 4.9 that DT(F S * S ,(X)) includes 1 if and only if DT(F s i ; s 1 ,(X)) 
includes 1. Thus we see that n eV A xV' A and (x, z) = (0, 0) by F^,(X) = F 2 £(X) = X s . 

We see that (x, z) = (0, 0) directly as follows: The coefficient of X 3 of R'(x, y, z, w, a, 6; X) 
equals — 2{2x — az). Hence by comparing the coefficient of X 3 in (4.5), we see x = az/2. We 
also get 

R'(az/2, y, z, w, a, 6; X) = 

X 4 + ((2a 3 w 2 - 6abw 2 - Aa 2 wy + 8bwy + 2ay 2 - a 2 z 2 + Abz 2 )/2)X 2 

- (a 2 - Ab)(a 2 w 2 - bw 2 - 2awy + y 2 )zX + (I6b 3 w 4 - 32ab 2 w 3 y + 16a 2 bw 2 y 2 

+ 32b 2 w 2 y 2 - 32abwy 3 + 166y 4 + Aa 5 w 2 z 2 - 28a 3 bw 2 z 2 + A8ab 2 w 2 z 2 - 8a*wyz 2 

+ A8a 2 bwyz 2 - QAb 2 wyz 2 + Aa 3 y 2 z 2 - lQaby 2 z 2 + a 4 / - 8a 2 bz A + 16&V)/16. 

Hence, by comparing the coefficient of X in (4.5), we have 

(a 2 - Ab)(a 2 w 2 - bw 2 - 2awy + y 2 )z = 0. 

It follows from the assumption D a = 16b(a 2 — 46) 2 ^ that a 2 — Ab ^ 0. If (a 2 w 2 — bw 2 — 
2awy + y 2 ) = and to^O, then b = ((aw — y)/w) is square in M. This contradicts C4 < G a . 
If (a 2 w 2 — bw 2 — 2awy + y 2 ) = and w = then we have y = 0. This contradicts C4 < G a i 
because /^ 4 (X) = IV (az/2, 0, 2, 0, a, 6; X) = (X 2 + te 2 - (aV/4)) 2 . 

Hence we conclude that (x, z) = (0, 0) from the assumption C 4 < C7 a , G a >. □ 

Remark 4.13. From the proof, we see that Lemma 4.12 is not true in general for G a = V4, 
because the case where a 2 w 2 — bw 2 — 2awy + y 2 = and w^fl occurs. This case corresponds 
to the case of (111-14) on Table 4 of Theorem 4.9. 

Van der Ploeg [Plo87] showed the following result when M = Q and G a = P4. 

Lemma 4.14. For a = (a,b), a' = (a',b') e M 2 wrf/i D a • D a / 7^ 0, we assume that 
Ca < G a ,G a i. Then the following conditions are equivalent: 

(i) M[X]/(X 4 + aX 2 + 6) = M M[X]/(X 4 + a'X 2 + 6') ; 

(ii) there exist y,w G M such that 

a = a 3 w 2 — 3abw 2 — 2a 2 wy + Abwy + ay 2 , b' = b(bw 2 — awy + y 2 ) 2 ; 

(iii) there exist y',w G M such that 

a = abw 2 — Abwy' + ay' 2 , b' = b(bw 2 — awy' + y' 2 ) 2 . 

Moreover, if a 2 b' — a' 2 b ^ or b'/b is not a fourth power in M, then the conditions above 
are equivalent to 

(iv) there exist u,w G M such that 

a' = (a 3 - 3ab - 2a 2 u + Abu + au 2 )w 2 , b' = 6(6 - au + u 2 ) 2 w A . 
Proof. The equivalence of (i) and (ii) follows from Lemma 4.12 and 
R'(0,y,0,w,a,b;X) 

= X 4 + (a 3 w 2 - 3abw 2 - 2a 2 wy + Abwy + ay 2 )X 2 + b(bw 2 - awy + y 2 ) 2 . 

By putting y' := aw — y, the equivalence of (ii) and (iii) follows. If a 2 b' — a' 2 b 7^ or 6'/6 7^ c 4 , 
(c G M) then to^O. Hence the condition (iv) is obtained by putting u := y/w in (ii). □ 
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By Lemma 4.5 and Lemma 4.14 we obtain an answer to Isom(/,f 4 /M): 

Proposition 4.15 (An answer to \som(ff A /M)). For a = (a, b), a' = (a',b') G M 2 with 
D a ■ D a , ^ 0, we assume that G a = V 4 . Then Spl M (A 4 + aX 2 + b) = Spl M (A 4 + a'X 2 + b') 
if and only if there exist p,q G M such that either 

a = ap 2 — Abpq + abq 2 , b' = b(p 2 — apq + bq 2 ) 2 or 
a = 2(ap 2 - Abpq + abq 2 ), b' = (a 2 - Ab)(p 2 - bq 2 ) 2 . 

Proof. It follows from Lemma 4.5 that Sp\ M f a 4 (X) = Spl M /^ 4 (A) if and only if either 
M[X]/(ff(X)) —m M[X]/(f^(X)) or M[A]/(/ a ^(A)) — m M[A]/(/g a2 _ 46 (A)). The 
former case is obtained by putting (p, q) := (y 1 , w) in Lemma 4.14 (iii) and the latter case is 
obtained by putting (a, b) := (2a, a 2 — 46) and (p, q) :— (y — aw, 2w) in Lemma 4.14 (ii). □ 

Finally by using Lemma 4.14, we get an answer to Isom°°' (f® 4 / M) over Hilbertian field 
M as follows: 

Theorem 4.16 (An answer to Isom 00 ' (ff 4 /M)). Let M D k be a Hilbertian field. For 
a = (a, b) G M 2 with D a ^ 0, there exist infinitely many a' = (a', 6') G M 2 which satisfy the 
condition that b'/b is not a fourth power in M and Sp\ M f a 4 (X) = Spl M /.^ 4 (A). 

Proof. By Lemma 4.14 (iv), for an arbitrary u G M, f a 4 (X) and f^, 4 (X) with 

a' = (a 3 - 3a6 - 2a 2 u + Abu + au 2 ), b' = 6(6 - au + u 2 ) 2 

have the same splitting field over M. By Hilbert's irreducibility theorem, there exist infinitely 
many u G M such that 

X 2 - (6 - au + u 2 ) =X 2 - (u 2 - a/2) 2 + (a 2 - 46) /4 

is irreducible over M because a 2 — 46 ^ 0. For such infinitely many u G M, b'/b = (b—au+u 2 ) 2 
is not a fourth power in M. □ 

5. The cases of C 4 and of V 4 
We take /c-generic polynomials 

/?«(*) ■= A 4 + S A 2 + G k(s,u)[X], 

:=X* + S X 2 + v 2 ek( S ,v)[X] 

for C 4 and for V 4 respectively (cf. Lemma 4.6). The discriminant of (A) (resp. /^ 4 (A)) 
with respect to A is given by 16 s 6 u 4 /(u 2 + 4) 3 (resp. 16t> 2 (s + 2v) 2 (s — 2v) 2 ). We always 
assume that for (a,c) G M 2 (resp. for (a,d) G M 2 ), /f 4 (A) (resp. /^(A)) is well-defined 
and separable over M, i.e. ac(a 2 + 4) ^ (resp. d(a + 2d) (a — 2d) 7^ 0). 

As in (4.3) of Section 4, we take X> 4 x D^-primitive ^'-invariant P := Xiyi + x 2 y 2 + ^32/3 + 
x 4 y 4 and £> 4 x ©^-relative X> 4 -invariant resolvent polynomial by P: 

< s ,(2A)/2 8 =^ 4Xl ,, i0 (2A)/2 8 

= A 8 - 2ss'A 6 + (sV 2 + 2ts' 2 + 2s 2 t' - 16tt')X 4 
- 2ss'(ts' 2 + s 2 t' - 8tt')X 2 + its' 2 - s 2 t') 2 . 
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By specializing parameters (s, s') = (s,t,s',t') h- > (s, s 2 /(u 2 + 4), s', s' 2 /(u' 2 + 4)) of 
7?.g jS ,(2X)/2 8 , we have the following decomposition: 

JX s ' s \ (u 2 + A)(u' 2 + 4)/ V (w 2 + 4)(w' 2 + 4)/ 

where / = fs* u f s ' 4 u >- By Theorem 4.9, we obtain an answer to Isom(/£*/M). 

Theorem 5.1 (An answer to Isom(/ s c ^/M)). For a = (a, c), a' = (a',c') G M 2 with 
aa'cc'(c 2 + 4)(c' 2 + 4) ^ 0, we assume that c ^ ±c' and c ^ ±4/c'. Then the splitting fields 
of fa%{X) and of f^ c ,(X) over M coincide if and only if either f^ 4 c+ (X) or f^ 4 c _(X) has 
a linear factor over M where 

feW = X 4 - aa'X 2 + f f )l * ^ with A=-aa',C ± = ^^. 

(c 2 + 4) (c /2 + 4) c±d 

Remark 5.2. The discriminant of f^ 4 c± (X) with respect to X equals 

16 a 6 a' 6 (c±c') 2 (cc' T 4) 
(c 2 + 4) 3 (c /2 + 4) 3 ' 

We may assume that c 7^ ±c' and c 7^ ±4/c' without loss of generality as we have explained 
it in Remark 2.3. 

Example 5.3. For /J 4 C (X) = X A + aX 2 + a 2 /(c 2 + 4), we first note that 

SpW/SPO = Spl M / a C4 _ c (X) and Spl M / a C4 c (X) = Spl M / a c e 4 2c (X) for a,c,eeM. 
By Theorem 5.1, we have 

(5.1) SpW*pO = Spl M / ( c J +4)/a)C (X) for / ( C c W, C ( X ) = X4 + ^ ix2 + ^J i 

because we have = (X - 2)(X + 2){X - c)(X + c) for (a',c') = ((c 2 + 4)/a,c). 

Although Theorem 5.1 is not applicable to the case of d — 4/c, it follows from Spl M (X 4 + 
aX 2 + 6) = Spl M (X 4 + 2aX 2 + a 2 - 46) that 

(5-2) SpWSpO = Spl M /£ 4/c (X) for /£ 4/c W=X 4 + 2aX 2 + ^. 
By (5.1) and (5.2), we also see the polynomials 

/SI*) and 4 >+4)/M/ ^)=A- + ?<^A- + H!^ 
have the same splitting field over M. 

Example 5.4. We take M = Q and the simplest quartic polynomial 

h n (X) = X 4 - nX 3 — QX 2 + nX + 1 G Q[X], (n G Z) 

with discriminant 4(n 2 + 16) 3 whose Galois group over Q is isomorphic to C4 except for 
n = 0,±3 (cf. for example, [Gra77], [Gra87], [Laz91], [LP95], [Kim04], [HH05], [Duq07], 
[Lou07], and the references therein). By Lemma 4.2, we see that h n (X) and 

H n (X) := f C J (n2+whn/2 (X) = X 4 - (n 2 + 16)X 2 + 4(n 2 + 16) 
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have the same splitting field over Q. For n G Z, we may assume 1 < n because Spl Q if n (X) = 
SplQ-£/~_ n (X) and H n (X) splits over Q only for n = 0, ±3. For 1 < m < n, we apply Theorem 
5.1 to H m (X), H n (X) with (a,c,a',c') = (-(m 2 + 16), m/2, -(n 2 + 16), n/2), then we see 

(X- 60)(X + 60)(X- 80)(X + 80) for (m,ra) = (2, 22), 
(X- 255)(X + 255)(X- 340)(X + 340) for (m, n) = (1, 103), 
(X - 2080) (X + 2080) (X - 4992) (X + 4992) for (m, n) = (4, 956). 

Spl M /i m (X) = Spl M /i n (X) for (m, n) G {(1, 103), (2, 22), (4, 956)}. 

For just two cases (m, n) — (1, 16), (2, 8), Theorem 5.1 was not applicable. However it works 
for a suitable Tschirnhausen transformation of H n (X) as in Remark 2.3. Indeed we may use 
(5.2) in the previous example. 

We checked by Theorem 5.1 that for integers m, n in the range 1 < m < n < 10 5 , 
/ A 4 C± (X) has a linear factor over Q, i.e. Sp\ M h m (X) = Spl M /i n (X), only for the values of 
(m,n) = (1,103), (2, 22), (4, 956). 

Remark 5.5. In the case where the field M includes a primitive 4th root i := e 27T y^/ 4 f 
unity, the polynomial g t 4 (X) := X 4 — t G /c(t)[X] is /c-generic for C 4 by Kummer theory. 
Indeed we see that the polynomials /£ 4 (X) = X 4 + aX 2 + a 2 / (c 2 + 4) and 

n c * m-.Y 4 fl2 ( c ~ 2? ) 

ya 2 (c-2i)/( C +2i) J - ^ C + 2i 

are Tschirnhausen equivalent over M because 

Resultant, (/£(X), F - ( (c + ^ ~ 2i) X + ^X 3 )) = ^ (c _ 2l)/(c+2l) ( F) 

(we may assume that ac 7^ since /q 4 (X) = X 4 and /f 4 = (X 2 + a/2) 2 ). In this case, for 
b,b' e M with b-b' ^0, the splitting fields of ^ 4 (X) and of #£ 4 (X) over M coincide if and 
only if the polynomial (X 4 — bb') (X 4 — 6 3 6') has a linear factor over M. 

Finally let us check the field isomorphism problem Isom(/^ 4 /M). By specializing param- 
eters (s, s') = (s,t,s',t') 1— > (s,v 2 , s' ,v' 2 ) of 1Zl s ,(X), we have 

^WyW :=^/(^(2X)/2 8 ) 

= (X 4 - (ss' + Avv')X 2 + (sv' + s'v) 2 ) 
• (X 4 - (ss' - Avv')X 2 + (sv' - s'v) 2 ) 

where / = f^J%. As in the case of fs* u {X), if T^ 4 da > d'(X) has a (simple) linear factor 
over M for a,d,a',d' G M then Sp\ M f^ 4 d (X) = Spl M / ( ^ 4 (i ,(X). However the converse dose 
not hold by group theoretical reason (see Table 4 of Theorem 4.9). 

Although we could not get an answer to lsom(f^ 4 /M) via 1Z^ 4 V s , V ,(X), the answer can 
be obtained easily by comparing quadratic subfields (see Remark 4.10). 

6. Reducible cases 
In this section, we treat reducible cases. We take the /c-generic polynomial 

ffj(X) = X 4 + sX 2 + tX + t G k(s, t) [X] 



S%o-W = 
f%c + ^) = 
Hence we get 
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for <S 4 with discriminant 

D 8it := t(16s 4 - 128s 2 t - AsH + 256t 2 + lUst 2 - 27t 3 ) 

and the <S 4 x ^-relative £4 -invariant resolvent polynomial lZ SyS > (X) of the product ff*, (X) 

ffj( x ) ■ f%>{ x ) b y p '■= x Wi + X 2V2 + x 3 y 3 + x 4 y 4 as in (3.1) of Section 3. 
For a = (a, b), a' = (a', b') e M 2 with D a ■ D a , ^ 0, we put 

L a :=Sp\ M f^(X), G a := Gal(/ a 5 VM), G a , a , := Gal(/J a ,/M). 

We assume that G a = 5 3 or C 3 and omit the cases where #G a < 2 or #G a / < 2. 

Theorem 6.1. For a = (a, 6), a' = (a', b') G M 2 mf/i L\ • D a , ^ 0, assume that G a = S3 
C 3 , and j^G a t > 3. If G a = S3 (resp. G a = C 3 ) then an answer to the intersection probl 
of fft(X) is given by DT(TZ aa i) as Table 5 (resp. Table 6) shows. 



Table 5 



G a 


G a i 




GAP ID 


C aj a' 




DT(ft a ,a') 


S3 


s 4 


(IV- 1) 


[144, 183] 


S3 x5 4 


L a n L a i = M 


24 


(IV-2) 


[72, 43] 


(C 3 x Aa) x C 2 


[L a n L a / : M] = 2 


12,12 


(IV-3) 


[24, 12] 


s 4 


L a C L a / 


12,8,4 


Aa 


(IV-4) 


[72, 44] 


S3 x Aa 


L a C\L a , = M 


24 


V A 


(IV-5) 


[48, 38] 


S3 x V 4 


L a n L a > = M 


24 


(IV-6) 


[24,6] 




[L a n L a / 


M] = 2 


12,12 


(IV-7) 


[24,8] 


(C 3 x V 4 ) x C 2 


[L a n L a / 


M] = 2 


24 


(IV-8) 


[24,8] 


(C 3 x V 4 ) x C 2 


[L a n L a , 


M] = 2 


12,12 


CA 


(IV-9) 


[24,5] 


S3 x C 4 


L a n L a / = M 


24 


(IV- 10) 


[12,1] 


C 3 x C 4 


[L a n L a / : M] = 2 


12,12 


v 4 


(IV-11) 


[24, 14] 


5 3 x V 4 


L a n L a / = M 


24 


(IV-12) 


[24, 14] 


5 3 x V 4 


L a n L a / = M 


12,12 


(IV- 13) 


[12,4] 




[L a n L a , 


M] = 2 


12,12 


(IV-14) 


[12,4] 




[L a n L a , 


M] = 2 


12,6,6 


(IV-15) 


[12,4] 




[L a n L a / 


M] = 2 


6, 6, 6, 6 


S3 


S3 


(IV-16) 


[36, 10] 


S3 x5 3 


L a n L a > = M 


18,6 


(IV- 17) 


[18,4] 


(C 3 x C 3 ) x C 2 


[L a n L a / : M] = 2 


9 . 9« 3 « 3 


(IV- 18) 


[6,1] 


5 3 


L a = L a / 


6 2 ,3 3 ,2,1 


C3 


(IV- 19) 


[18,3] 


S3 x C 3 


L a n L a > = M 


18,6 



Table 6 



G a 


G a i 




GAP ID 


C aja ' 




DT(K a ,a') 




S 4 


(V-l) 


[72, 42] 


C 3 x Sa 


L a n L a / = M 


24 




Aa 


(V-2) 


[36,11] 


C3 x Aa 


L a n L a / = M 


12,12 


C3 


(V-3) 


[12,3] 


Aa 


L a C L a / 


12,4,4,4 


Va 


(V-4) 


[24, 10] 


C 3 x V A 


L a n L a ' = M 


24 




Ca 


(V-5) 


[12,2] 


C12 


L a n L a ' = M 


12,12 




Va 


(V-6) 


[12,5] 


C 3 x V 4 


L a n L a ' = M 


12,12 




S3 


(V-7) 


[18,3] 


C 3 x5 3 


L a f~) L a > = M 


18,6 


C3 


C3 


(V-8) 


[9,2] 


C 3 xC 3 


L a n L a ' = M 


9,9,3,3 




(V-9) 


[3,1] 


c 3 


L a = L a i 


3 r ,l 3 
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For example, if we take a = (1,-1), a' = (-1,1) and M = Q then we have f^ 4 (X) = 
(X-1)(X 3 + X 2 + 2X + 1) and/f, 4 (X) = (X + 1)(X 3 - X 2 + 1). We see that Spl Q /f 4 (X) = 
Spl Q /2 4 W because DT(7e a , a /) is given by 6 2 , 3 3 , 2, 1. 
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